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Abstract

In this paper we are concerned with the properties of positivity, uncertainty principle and continuity in L”
spaces of a generalized spectrogram. In particular we study the connections of a generalized spectrogram,
as a subclass of the Cohen class, with the Rihaczek and the Wigner representations. We also consider
the behavior of the generalized spectrogram with respect to the positivity and the L? boundedness of the
corresponding localization operators.
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1. Introduction

A time—frequency representation is a quadratic form which associates a signal f on R¢ with
a function (or distribution) Q f on the time—frequency plane Rf X RZ). Of (x, w) represents the
distribution of the energy of the signal with respect to the time variable x and the frequency
variable w and indicates therefore which frequencies w are present in the signal f around the
time x. In this context we shall use interchangeably the term “representation” or “form”. It is
generally required that Q( f) satisfies some other conditions, namely:
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e Positivity: Q(f)(x,w) = 0 for all x, w;
e No spreading effect: supp f € I for an interval I € R? implies IT, supp Q(f) € I
(IT, = orthogonal projection Rd X Rd — ]Rd) and, analogously, supp f C J implies

I1,supp Q(f) € J; .
e Marginal distributions condition: [pq Q(f)(x,®)dx = |f(@)|* and [ps Q(f)(x, ®)dw =

|f 1%

A description of the motivations and the meaning of these requirements can be found e.g. in [6].
As a fact related to the uncertainty principle, it turns out however that these conditions are in-
compatible and they can therefore be satisfied only with a certain degree of approximation. Many
different representations have been defined in the literature in the attempt to approach as near as
possible an ideal representation (see [7,10,11,14,15]).

Three of the most used time—frequency representations are the spectrogram, the Rihaczek and
the Wigner representation. We recall their definitions and their main properties in Section 2.

On the other side time—frequency analysis is in many ways connected with the theory of
pseudo-differential operators. For example, it is well known that the Wigner representation yields
the class of Weyl operators via formula (2.6), whereas localization operators in (2.8), can be seen
as filters for signals (see [8]).

In this paper we consider a quite natural “two-window” generalization of the spectrogram,
which we call generalized spectrogram (Definition 2.1). Actually this representation already ap-
peared implicitly in a number of works (see [1,3]), here however we explicitly study its properties
and point out its basic role in the comprehension of the connections between time—frequency rep-
resentations and operators.

More precisely in Section 2 we prove that the Rihaczek representation can be obtained as
a generalized spectrogram with suitable distributional windows. We show then that, in an analo-
gous way as the (cross) Wigner representation is connected with the class of Weyl operators, the
(cross) generalized spectrogram yields the class of localization operators, whereas, as a limit case
of localization operators, classical pseudo-differential operators are obtained from the (cross) Ri-
haczek representation.

In Section 3 we establish a convolution formula expressing the generalized spectrogram in
terms of the Wigner representation and show therefore that the generalized spectrogram, as well
as the Rihaczek representation, are included in the Cohen class [7].

On the other hand we also prove that generalized spectrograms do not cover all the Cohen
class by showing explicitly that for example the Wigner representation does not belong to the
generalized spectrogram class.

We turn then our attention to the corresponding operators and, as another consequence of the
convolution formula, we obtain that positive symbols a yield positive localization operators Lf]‘wj
if and only if ¢ = .

In Section 4, we extend estimates of Lieb [16] to the generalized spectrogram and we prove
in this context a natural extension of Lieb’s uncertainty principle.

The final Section 5 is devoted to complete the study of localization operators with L? (R>¢)
symbols on L4 (Rd ) spaces, which was started in [3]. We show that the boundedness results
contained there can be proved more directly using the properties of the generalized spectrogram.
Further we show that the conditions in [3] are actually necessary and sufficient for boundedness,
i.e. nonboundedness holds in the remaining cases. This yields a complete picture of the L? (R¥)
boundedness properties of localization operators with symbols in L7 (R>?).
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2. Forms and operators, the generalized spectrogram

We shall consider here distributions as antilinear functionals, so that the L2 product (u, v)
extends to the action of a distribution u on a test function v.

We revise at first some facts about spectrograms, Rihaczek and Wigner representations.

The definition of the spectrogram relies on the Gabor transform (also short-time Fourier
transform or, for short, STFT) Vy f(x,w) = f]Rd e~ oy (1 —x) f(t)dt of a signal f and
a “window” ¢, whose action is a localization of the signal f in time by multiplication with
translations of ¢ (¢), before taking its Fourier transform. The conjugation on the window ap-
pears just for mathematical convenience in such a way that Vy f(x, w) = (f, $x,0) 2, Where
brw(t) =Pt —x).

The spectrogram is then defined as

Spy (/) (x, @) = | Vi f (x, )| @.1)

It is of course a positive distribution but it does not satisfy the marginals and has a spreading
effect depending on the support of the window ¢ (see [6,12]).

The Rihaczek quadratic representation is essentially defined as the product of the signal f (x)
with its Fourier transform f (w), more precisely it is the distribution

R(f)(x, ) = e 250 £ (x) f (). 2.2)

Despite its elementary definition it has reasonable physical motivations and was widely used in
the time—frequency analysis of signals (see [6,13]). As one can immediately verify, it satisfies
the marginals and has no spreading effect, however it is evidently not positive.

The third form we want to consider is the Wigner representation (see [20])

Wig()(x,0) = [ €0 ek 1/ G 1/, 23
R4
defined by Wigner in the context of quantum theory. As the Rihaczek representation, it is not
positive but it has no spreading effect and it satisfies the marginals (see [6,12,14]).

Of course, by polarization, all three quadratic forms are associated with corresponding cross
(i.e. sesquilinear) forms:

— Spy(f> 8)(x, @) = Vy fVpg(x, ) (cross spectrogram) (¢ fixed window);

- R(f,9)(x,w) = e_Z”ix‘”f()?)g'(a)) (cross Rihaczek distribution);
- Wig(f,g)(x,w)= fRd e~ 2o £ (x 4 1/2)g(x — t/2)dt (cross Wigner distribution).

They all define continuous maps S(RY) x S(RY) — S(R??) which extend continuously to
S'(RY) x §"(RY) — §/(R%).

We define next the principal types of pseudo-differential operators and investigate their basic
relations to the above-mentioned sesquilinear representations.

A (classical) pseudo-differential operator A¢ with symbol a, for simplicity for the moment
a € S(R*), is the map on § (R?) defined as

A f(x) = / 00 (x, w) f(w)do. (2.4)

R4
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Writing explicitly the Fourier transform this expression becomes A“ f(x) = [poa eIy o
a(x,w) f(y)dydw and it appears therefore natural to allow symbols to depend more generally
also on y, i.e. one is led to consider operators of the form A? f(x) = fRZd e2ri—y)oy (x,y,w) X
f(»)dydw. In the case where o (x, y, w) = a((x + y)/2, w) we have the important case of Weyl
operators

W“f(x):/ez”i("_y)“’a<¥,w)f(y)dyda) (2.5)
R2d

and a is called the Weyl symbol of W¢.
The first important connection between pseudo-differential operator theory and quadratic
time—frequency representation is given by the well-known formula

(W f,g) = (a, Wig(g, /). (2.6)

The integrals in (2.4) and (2.5), and the L? product in (2.6), as well as in the following, should
be intended in a week sense in the more general case a € S’ (RZd ).

In the particular case where Weyl operators have symbols b of the form b = a * Wig(y, ¢),
they are called localization operators ngf with symbol a, analysis window ¢ and reconstruction
window . In other words

LY, = warWig.¢) .7

®,
We recall that the Wigner transform of gaussians is still a function of gaussian type. More
precisely, in the particular case ¢ (x) = ¥ (x) = e g(x), we have L , = WG with
G(x, w) =24/ 2g(x/ix)g(«/iw). In this case localization operators are also known as anti-Wick
operators and were used in pseudo-differential operators theory as approximations of general
Weyl operators (see [17]).

In time—frequency analysis however localization operators originated independently as fil-
ters for signals based on the Gabor transform and this constitutes another very basic connection
between pseudo-differential operators theory and signal analysis. Namely a straightforward com-
putation shows that the operator L;‘)’ " in (2.7) has the form

Ly, f(s)= / a(x,w)Vy f(x,0)¥y o(s)dxdw (2.8)
R2d

where Yy ,(s)(t) = €2ty (¢ — x). The three step analysis—processing—reconstruction of the
signal f are represented in (2.8) as Gabor transform, multiplication with a(x, @), and integration
against Y ., (s), respectively. For references about this subject, see e.g. [2,8,18,19,21,22].

From (2.8) it is clear that

(Lg.y 1 8) = (@ VygVs ). 2.9)
If we compare (2.9) with (2.6) we see that it has the same structure with the Wigner transform

replaced by the form Vy, g Vy f. It appears then natural to introduce the following definition.

Definition 2.1. The generalized spectrogram, depending on the two windows ¢ and ¥, is defined
as the sesquilinear form

Gy.0(g. )x, 0) = Vyg(x,0)Vy f(x, w). (2.10)
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For what concerns its functional setting we remark at first that the generalized spectrogram
is a well-defined function in S(R*?) if f, g, ¢, ¥ are in S(R?) and it belongs to LY (R2?) if
f. 8.0,V € Lz(Rd ). As the Gabor transform extends to tempered distributions, we are however
allowed, at least in some cases, to consider in (2.10) distributional windows.

As a first result we show then that, not only the (classical) spectrogram, but also the Rihaczek
representation can be obtained as a particular case of generalized spectrogram.

Proposition 2.1.

() qp.6(f,8) =Spy(f, 8). for f,g € SR, p € S'(RY);
(i) gs,1(f.8) = R(f.8). for f, g € SRY).

Proof. (i) is trivial. (ii) Consider the limit cases ¢ = §, the point measure (8, ¢) = ¢(0) and
¥ = 1. For x € S(R*) we have

Vsfox)=(Fata(f®8).x) = (f @5, 7, F ' %) = (f. (6. % ' 7y ' x))

= <f,/62”ix“’x(x —t,a))dw‘t_()) = <f,/e2”ix‘”)((x,a))da)>

]Rd Rd
= / eI £ () ¥ (x, w) dx dw = (e_Z”ixwf(x), X (x, a))).
R2d
Therefore
Vs f(x,w) = e 25 f(x). @.11)

Now by relation (2.11) we obtain

Vigx,w) = e OV g (w, —x) = e TV (0, —x) = § ().

We conclude that Vs f Vig(x, w) = e 2" f(x)§(w). O

Classical spectrograms and Rihaczek representations constitute actually “extremes” points of
the generalized spectrogram. From the point of view of the applications let us start by considering
a (classical) spectrogram | Vy f 1> = Vo f V¢—f We can dilate the window of one term and contract
the other in such a way that the dilated window tends in S’(R?) to the constant 1 and the other
window to the point distribution §, positivity is then lost but we have an improvement in the
limitation of the spreading effect and the marginal conditions toward the extreme case of the
Rihaczek where no spreading effect is present and the marginals are satisfied.

The generalized spectrogram gy y (f, 8) = Vo f m represents therefore a link between the
spectrogram Sp, (f, ¢) and the Rihaczek distribution R(f, g): an explicit “path” with gaussian

windows is for example 9y, .4, (f, g) where ¢, (x) = )Ld/ze_”“z, A € [1, oo], with the convention
Poo =38, Yoo = oo = 1.

In Section 3 after we have deduced a convolution formula for the generalized spectrogram we
shall be able to give a negative answer to the natural question on whether the Wigner representa-
tion could possibly constitute also a particular case of the generalized spectrogram.

As next step we consider now (2.9) in the case ¢ = §, ¥ = 1, i.e., according to the previous
proposition, in the case where the generalized spectrogram coincides with the Rihaczek repre-
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sentation. We see with the next proposition that in this way we recover the class of (classical)
pseudo-differential operators.

Proposition 2.2. The operator class associated with the Rihaczek representation by (2.9) is the
class of pseudo-differential operators A® f (x) = fRd 270 (x, w) f(w) dw.

Proof. Leta € S'(R*), f, g € S(R?). For the operator Tt associated with R(g, f) by (2.9) we
have then

(T8 £, 8) = (a. R(g. ) = (a. e " g(x) f ()

:/ezmx‘“a(x,a))@f(a))dxda)
R2d

= (/ezmxwa(x,a))f(a))dw,g) a

R4

As a consequence of this proposition, classical pseudo-differential operators can be regarded
as a particular case of localization operators, just as the Rihaczek representation is a particular
case of the generalized spectrogram, completing therefore our symmetrical picture of forms and
operators.

3. A convolution formula, generalized spectrogram as subclass of Cohen class
and positivity of localization operators

Let us consider again formulas (2.6) and (2.9). As shown in the previous section they de-
fine Weyl and localization operators by means of the corresponding Wigner and generalized
spectrogram representations, respectively. On the other hand localization operators are ex-
pressed as Weyl operators through the well-known relation (2.7). This means that for every
&, v, f,g € S(RY), defining the reflection v/ (x) = ¥ (—x), we have

(@, VygVo )= (LG frg) = (WVEVD £ g)
= (a x Wig(y, ¢), Wig(g, 1)) = (a, Wig(¥/, ) = Wig(g, f)).
As this holds for every a € S"(R??), we obtain the following convolution formula
Vy gV f = Wig(¥. §) * Wig(g. f) 3.1
by which the generalized spectrogram is expressed as convolution of Wigner transforms.

We recall now the following definition.

Definition 3.1. The Cohen class of time—frequency representations is defined as the class of
sesquilinear forms of the type o « Wig(g, f) with o € §'(R??).

An immediate consequence of the previous convolution formula is therefore that the general-
ized spectrogram representation, where more generally we can suppose ¢, ¥ € S'(R??) in any
case where it makes sense, is a subclass of the Cohen class.
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Another consequence of (3.1) is that Rihaczek form, which we expressed as particular gener-
alized spectrogram, can be written as

R(g, f)=Wig(l, ) » Wig(g, f) (3.2)
or more explicitly
R(g, f) = e """« Wig(g, f)(x, w). (3.3)

It is now interesting to consider the question if also the Wigner representation, which is
expressed in the Cohen class with the trivial choice o = §, could possibly be expressed as a gen-
eralized spectrogram. This would be the case if Wig(y, ¢) = § for some windows ¥, ¢. With
regard to the general concept, underlying the uncertainty principle, that the support of a time—
frequency representation cannot be too “small,” one can at once argue that the answer is negative.
This is precisely proved by the following proposition.

Proposition 3.1. Let f, g € S'(RY), then Wig(f, g) # 8 € §'(R*?).

Proof. Suppose on the contrary that there exist f, g € S'(RY) such that Wig(f, g) = 8. Of
course f, g # 0 otherwise Wig(f, g) = 0. Let us factorize the Wigner form as Wig(f, g) =
Fr(Ts(f ®)) where Ts: W (x,1) € S'(R¥) — (Ts¥)(x,t) =¥ (x +1/2,x —1/2) € §'(R*),
F> is the partial Fourier transform with respect to the second d variables, and we recall that as

antilinear functional the conjugate of a distribution g € S’ (RY) is defined by (8.¢) = (g, ),
¢ € S(RY). Using the fact that § = §; ® 8, with §; € §'(RY) (j = 1, 2), we have

81@8=F(Ts(f ®3).

Taking the partial inverse Fourier transform
1 ®1=Ts(f®g)

and therefore
Ts)"'G1e) =,

This means that for every ¢, ¢» € S(R?) we have

frd)@E 0 =(f 0% P @) =(T) ' G1®1), 1 @¢2) = (51 ® 1, Ts(¢1 ® $2))

/¢1(t/2)¢2( l/2)dl—2d/¢1(S)¢2(S)dS

R4

As g # 0 there exists ¢2 es (Rd ) such that (g, ¢2) # 0 so we can write

(fvd)l) =

/¢1(S)¢2(S)ds (3.4)

(g, $2)

for ¢ € S(R?). This means that the distribution f coincides with the function f(s) = %(]Eg (s)
892

for every ¢, for which (g, ¢_2) # 0. This is absurd, namely, take for instance i¢, instead of ¢»,
then f(s) = —%éz(s), which would mean f =0. O
8.9
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We remark that the previous proposition also shows that the generalized spectrogram, even
allowing distributional windows, do not cover all the Cohen class.
We can summarize with the following scheme the frame we have constructed:

Sesquilinear form o x Wig(g, f) (Cohen cl.) |Operator

Wig(g, f) (Wigner) 8+ Wig(g, f) W (Weyl)

qu.0(g, f) = VygVyf (gen. spectr.) | Wig(y, ) * Wig(g, f) L4, (localization)
R(g, f) (=¢gs5.1(g, f)) (Rihaczek) e—4mxw +* Wig(g, f) A% (classical ¥ D O)

(3.5)

We prove next a result on positivity for localization operators, after giving two preliminary
results.

Proposition 3.2. Let f,g € S’ be such that Wig(f,g) * Wig(u,u) > 0, u € §'. Then
Wig(f, g)(x, w) is real.

Proof. We have that (Re Wig(f, g) + i ImWig(f, g)) = Wig(u, u) > 0. Since Wig(u, u) is real,
we write (ReWig(f, g) * Wig(u, u) + i Im Wig(f, g) * Wig(u, u)) > 0. Then Im Wig(f, g) *
Wig(u, u) = 0, that means F(ImWig(f, g)) - F(Wig(u,u)) = 0, for every u € S’. Let now
u be such that FWig(u,u) # 0 a.e. in R2 (for example for u gaussian function), then
F(ImWig(f, g)) =0 implies Im Wig(f, g) =0, and Wig(f, g)(x,w) isreal. O

Proposition 3.3. Ler f, g € S'. Then Wig(f, g)(x, w) is a real function if and only if f = Cg,
with C real constant.

Proof. Since Wig(f, g) = Wig(g, f) for every f,g € S’, when f = Cg we easily get that
Wig(f, g) is real. On the other side, if Wig(f, ) is real, Wig(f, g) = Wig(g, f) holds. It means
that Fr7,(f ® §) = Fota(g ® f), thatis (f ® ) = (g ® f). Since by definition of tensorial
product of two distributions we have (h @ k)(¢1 @ ¢2) = (h, p1)(k, ¢p2), we get f =Cg. O

Theorem 3.1 (Positivity). The Localization operator Lg v is positive, i.e. for all positive sym-

bols a, Lg’v/ > 0 if and only if there exists a constant C such that ¢=Cq.

Proof. We recall that
(LY. 1 F) =@, Vy [V ) = (a, Wig¥r, §) = Wig(f, /).

For ¢ = Cy we obtain that a > 0 implies L‘Jw > 0. In the other sense, if Wig(i/, ¢) * Wig(f, )
is positive, it suffices to apply Propositions 3.2 and 3.3. O

4. Generalized spectrogram and uncertainty principle

The Gabor transform extends to a map from S’ (R?) x §’(R?) to §'(R??) but the generalized
spectrogram gy (g, f) = Vv,gm is in general not defined if Vj f and Vy g are in S’ (R4,
In order to specify its action in the case of possibly distributional windows we need then to
introduce some restrictions.
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We shall give three settings in which the generalized spectrogram can be defined: distributions,
C® functions and L” functions.
For an interpretation in the frame of tempered distribution we proceed as follows.

Definition 4.1. Let B3°°(R?) be the space of smooth bounded functions together with all its deriv-
atives, i.e. the space of C*° functions % such that for every multiindex o = («y, ..., aq) € N4
there exists a constant M, with [02h(x)| < M, on R,

We observe that gy (g, ) = ngm makes sense whenever Vy, g € S'(R?¢) and Vof €
B%°(R?) or vice versa.

Lemma 4.1. If ¢ € B*(RY) and f € S(RY), then Vy f € B (R?>?).

Proof. By the differentiation under the integral, by the boundedness of ¢ together of all the
derivatives 9%¢, and since fg = (—27i)!PItPl £ (1) € S(RY), |Bl = B1 + - - - + Ba, We have that
for any couple of multi-indices «, 8, there exist a constant M,, such that

19498V, f| </|fﬂ(r>||af:¢<t—x)|dr<Ma||fﬁ||L],
]Rd

which gives continuity and boundedness of Vj f* on R?? together with all its derivatives. O

(Of course the role of f and ¢ in Lemma 4.1 can be exchanged.)
As a consequence of Lemma 4.1 we have the following proposition.

Proposition 4.1. Let g, ¥ € S'(RY) and f € S(R?), ¢ € BX(R?) (or vice versa | € B®(RY),
¢ € S(RY)). Then qy.¢(8. [) is a well defined tempered distribution in S’ (R2).

Next in order to obtain regularity for the generalized spectrogram gy 4 we remark that
Vygx,w) = fRd g(s + x)e Tty (Y ds. If g € S(RY) then g(s + x)e ZFil+t0o ¢
C® R x R, x R?,), and for fixed x, w, we have g(- +x)e 27+ ¢ S(RY), Tt follows that
VygeC ®(R2?) whenever g € S(RY) and ¥ € S’ (R?). This proves the following proposition.

Proposition 4.2. Let f,g € SRY) and ¢,y € S'(RY) (or vice versa f,g € S'(RY), and
¢, ¥ € SRY), then qy,4(g, ) € CPR™).

We consider finally the L”-space setting. We shall need the following definition and the
boundedness result in Lemma 4.2.
Definition 4.2. We say that a function F(x, t), (x,1) € R, belongs to the mixed Lf ,q (R? x RY)

1
space if F(x,t) is an L7 function with respect to the variable 7 and ([ | F(x, )| dt)4 belongs to
the L? space with respect to the x variable. The quantity

P 1
|Feen),, = </</|F(x,t)|th)q dx)p < o0

RI R

represents a norm in LY/ (R? x RY) for F(x, 1).
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Lemma 4.2. If f € LP(RY) and ¢ € LP (RY), % + pi =1, then F(x,1) = f(t)¢(t — x) €
Lq 4! (R4, with L ;T ql =1land 1< q <min{p, p'}. Also

um,nuq,q/ (1719 %1017 ] )7

Proof. Let us first consider the case 1 < ¢’ < min{p, p’}, the means p # 1 or p # 0o. Since

P
feL? and q p, the function | f |‘1 € L7 (R?). The same arguments on the function ¢ show

that |¢>|‘1 € Lq (Rd) From Young’s inequality with the triple (—/, 77 A + " =1+ %/ we
have that | £|9" * |p|9 eL7 (R?). Now

> (1 1o ) = ( f (1F19 * |¢|q’)$<x>dx)
]Rd

</</|f(t)¢(t ik dt)

R4
= HF(x,t)Hq’q,. O

EIRS
Q-

U

(x) dx>

The same argument can be replaced in the case p = 1 or p = oo adopting the suitable defini-
tions of norm. We also observe that the assumption 1 < ¢’ < min{p, p’} can be replaced with the
analogous one max{p, p'} < g < 0.

Remark 4.1. Moreover, from Young inequality, we can obtain the optimal estimate

19 1619 | o < (C2CpCiay)'I1£
q T4 1

Remark 4.2. Taking the Fourier transform J, F (x, t), of the function F(x,t), with respect to
the second-variable, from Hausdorff—Young inequality follows that F> F(x,t) € LY (R?), and
for almost all x € RY,

|F2F @ )], ) <€

().

Theorem4.1.Letusﬁxpj,p},qj,j:l,2,withpii p——landq] max{p],pj}IffeLp1

J

peLPi,geLP, el and p= q‘{f;z, then

max{py, pi}max{pa, p5}
max{py, pi} + max{pa, pj}’

(a) h<p<oo, forh=

dp
(b) //|V1//8V¢f(x a))| dxdw < <H Q;P ) ||f||p1||8||p2||¢||p; ||1ﬂ||p’2)p,
R2d
where

€ 2—qj

0j=q;"(@j-2" and
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1’1’/ ;i —D=p; 4j=Pj

€1
Pi=(pj =1 p/(aj(pj =D =p;) % (qj—p))7i.

Proof. First we observe that the function p(q1, q2) = q‘{f{j defined for g; > max{p;, p j}

j = 1,2, is unbounded, for instance if g; = ¢, and achieved its minimum for (g1, ¢2) =
max{py, pj} max{ps, pz
max{py, p|}+max{p2, p5}

(max{pi, p/l}, max{py, p/z}). This means that p > holds, proving the state-

ment (a).
Letnow Fi(x,t) = g(t)lﬁ(t —x)and Fr(x,t) = f(t)¢(t —x). Applying the Lemma 4.2 to the

functions F;(x, 1), j = 1,2, we have that F; (x, 1) € Ly, i Lj=1.2,1<q} <min{p;, p}} <2,

where g, are the conjugate indexes of q Iz We note that Vyg(x,w) = FFi(x,-)(x,w) and
le—f(x w) =FrF(x, ) (x, —w) for x € R4,

The generalized Holder inequality with the triple g1, ¢2, p, Wlth Tt L= that means
p= q‘f f; implies that for almost all x € R9,

/!vwgv¢f(x,w)|pdw=/|sz1(x,r)(x,w) - FaFa(x, 1)(x, —o)|” dw
]Rd R4
<|RA@ |, |[FP@ 0 ). (4.1)

Hence, by (4.1), Remark 4.2 and Lemma 4.2, we have:
/mgmu, )" dw < (1T 1G1T)T - (1812 # 1F17) % (x),
R4

with the notations s; = q;, j=1,2.

= L a1 ) = L 2
Let us also observe that (| f|%! % |¢|*1)*1 € L' and (|g|32 * |1p|52)Y2 eLr s1nce qgi=p=

%. The generalized Holder inequality with the triple (‘;‘ Dk + Z=p-y,=1gives
~ r fod A ~ A I~ P
HF1 1@ ) - (181°2 * ] *2) 2 |1 R E ’%”(@Pz SRE |q7z
b . P
o TR P (R
Sl 52
Hence, from Remark 4.1, it follows
/(/’V¢g%—f(x,w)‘pdw) dx
R4 R4
<t [ e - (e «1d) B oo ds
R4
dp d i =
<GP C p(”|f|y' * || £H|§|S2 * Y| ;i)p
52
1
(Hlfl” 2[5 e, ) (4.2)
7 A1
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where K = cd”cd"(cp. (ql)/) (cpzc c(qz)/) % However, for h € L™ (RY), |||h)* I;

PRSIy

(fRd |h|s'§)ﬁ =\fllr. Insertlng now, these 1nt0 (4.2), yields

/ VgV f(x,@)|” dxdew < K (I fllp 81l ps 1011 111 5)"
R2d

Some computations show that

1 1*2 g2
cs,.c:;_,),z g -1 qf(q 2) Y, si=(q),
5
and
T it L ! 9 (=D,
CpCy == %p (q,—l)fq, Hajpj— 1) —pj) i

qj7Pj
2 . .
X (q] — pj) Pjdj

that gives us

and K = (]—13=1 Q; P;j) asin the statement (b). O

Corollary 4.1. Let us fix pj, p), j=1,2, with L, + i, =1.IffelP, ¢pcLPl, gelLP,

1//€Lf"2 and h < p<oof0rh_2rnax{p1 P> 2, Ph), then

7 d
f VgV 7 (x, )| dxdw < (Q*PrP2) P (1 £ 11 gl pa ISl 111 r) 7
de

where
1 _1 1-p
Q=Q1=Q2=EP (p—1)2

and Py, P> are of the form

_pj=l 1 2p(pj—D—pj 2p—pj
Pi=(pj=1) 7 p/"Cppj=D=p;) V" @p—pp T, j=12

Proof. It suffices to select g = g» =2p in Theorem 4.1 O

Corollary 4.2. If f, ¢, g, ¥ € L2(R?) and 1 < p < oo then

. 1\¢
/ Vg Ve f(x, 0)|" dxdw < (;) (1 £ 1I2llg 2l 11 112)”
RZd
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Proof. Since p; = p» =2, in Corollary 4.1 we have h = 1 and also follows that Py = P, = P =
1

1 p—
2% (2p —2)7 , giving us

1

2 , 1 1 lp 1 p=1
Q°PP,=(0P) =3P r(p—b» 202p=2) 7 =p »
that means (Q P)2% = (%)‘1. O

Remark 4.3. If f = g and ¢ =, we obtain
2 1 201 412
// |Vy gl dx dw < (;) (Ir1z1e13)7.  p=1,

R2d

which for 2p = g give us the well-known classical Lieb’s inequality for the STFT Vy, g:
2\ 4
// |Vygl?dxdw < (;) (I£120012)*, g >2.
R2d

Let us now to prove the uncertainty principle of the generalized spectrogram:
Theorem 4.2. Let f € LP!, ¢ € L, geLP Y e LP2. IfU CR* and & > 0 are such that

// \VugVe Fldxdw = (1 =)l fllp gl p ol 191,
U

then

2 I-p
w(U) = sup(l — 8)% (H Qij)

p>h j=1

, . y . _ max{py,p}}max{ps,p)} e -
Proof. Let p, p’ be conjugate index, with p > h, h = max(p1.p I max(p.p)] By Holder in

equality applied to the functions VygVsf € L? and to the characteristic function on U,

xu(x, ) € LP, we have
A= flp gl p i@l py 11l py

<f |Vy gV fldx dw
U

1 1
< (//IngWI”dxdw>p(f/)w(x,w)”’dxdwy :
RZd RZd

Now from Theorem 4.1 we conclude that

2 d ~
(-0 < (]"[ Q,,P,-) w7,
j=1
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d
2 I—Pp
_p_
W) zsup—e)r1( [To;p) . o
p>h j=1

Remark 4.4. For f, ¢, g,V € Lz(Rd) and 1 < p < oo it follows that
d
o (1\T-r
uU) = sup(l —g)r1 (—) ,
p>1 p

and if f = g, ¢ =, we obtain the Lieb’s uncertainty principle for the spectrogram

r_(2\2r
M(U)>sup(1—8)!’lz<—> "
p>2 p

5. Characterization of the continuity in L? spaces of localization operators

In this section we study the continuity in L7 (R¢) spaces of the localization operators Lgb’ "
defined by (2.8), where the symbol a is assumed to be in L” (R24). The continuity of localization
operators in Lebesgue spaces has been studied in [4] for symbols belonging to L?(R%), 1 <
p < 2;in [3] is treated also the case p > 2, proving that for a € L? (R*?) the operator

. d d
Ly L9 (RY) — L1(RY) (5.1)
is continuous for every
2 2
ge [—p —”} 52)
p+1 p—1

at least when the windows ¢ and  are in some suitable L" spaces (in particular when they are in
the Schwartz space S (Rd )). A counterexample presented in [3] shows that there exist a symbol
a € L% (R*¥) and two windows ¢, ¥ such that the corresponding operator

. d d
L§ ;i L®(RY) — L*(RY)
is not continuous. Consequently, since (Lj‘;/y ¢)* = L‘(Z’ " the operator
a . yl(md 1 (Tod
oL (RY) — LI(RY)

is not continuous, too. These results leave open the question of the continuity in Lebesgue spaces
of localization operators in the remaining cases. We show in this section that the positive result
proved in [3] is optimal, in the sense that for every p and ¢ that do not satisfy (5.2) there exist
a symbol a € L?(R*?) and two windows ¢, i belonging to suitable L” (R?) spaces such that
(5.1) is not continuous. In order to do this, we need the following result.

Proposition 5.1. Let E, E|, E>, E3 and E4 be Banach spaces, and let E; be reflexive.

(a) Let us suppose that

0:E3x E4 x E5 Xx E| — E*, (5.3)
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o=o0(, ¢, g, f), islinear with respect to g and ¢, antilinear with respect to f and ¥, and
continuous. Then there exists a unique continuous map

(a, ¢, V) € E X E4 X E3+— Taqup € B(E, E»), 5.4

linear with respect to a and v, and antilinear with respect to ¢ such that for every g € E3
we have

& Tagyf)=(W. 0.8 f)a). (5.5)

On the opposite direction, let the map (5.4) be continuous, linear with respect to a and ,
and antilinear with respect to ¢; then there exists a unique application

0:E3x E4 x E5 x Ej — E*, (5.6)
linear with respect to g and ¢, antilinear with respect to f and v, and continuous, such that

(5.5) holds for every g € EJ.

Proposition 5.1 was proved in a less general form in [1]. The proof in this case (that we present
completeness) is similar to the one in [1].

Proof. (a) Let us consider, for fixed ¢, ¢, f and a, a € E, the antilinear functional

By

we
exi

¢ B — (o do. Pra) <C. 57
the continuity of (5.3) we have that

(o, ¢, 8. 1).a)| < Cillalle|o W, ¢, 8 N g < Cllallplyleliglelglesl fllE:

then have that (5.7) belongs to E;*, that coincides with E», since E5 is reflexive. Then there
sts a unique w = w(a, f, ¢, ¥) € E3 such that

(U(’#Jﬁa 8 f),a) = (g, w).

Let us set T, 4,y f := w; we then have (5.5). Let us prove now the continuity of the map (5.4):

sin

ce g € E7 in (5.5) is arbitrary, we have that
1Ta,¢,y fllE, < Cllall Nl e IV E N fllES

which implies that

1Ta.¢,v1B(E),Ex) < CllallENPNE NV 1 E5-

Then the map (5.4) is continuous.

(b) From (5.5) we immediately have that o is linear with respect to g and ¢, and antilinear

with respect to f and y. As for the continuity of o we observe that, from the continuity of (5.4),

(o, ¢, 8. £).a)| < Cillglles I Tag.y £l
Coligl ez 1 Ta.g.y I BELEILFIIE,

<
< Gliglesllalelole v ilesl flig -

Since a € E is arbitrary, we then have

lo@w.é. 8, N g < C3llgleslolp Vel fllE,,

that proves the continuity of (5.6). O
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We now pass to the analysis of the boundedness of the localization operator (2.8). We start by
showing the continuity of (5.1) in an alternative way with respect to the proof in [3].

Theorem 5.1. For every a € LP(R?), ¢ € L9 (RY), v € LY1(R?) and 1 < g < oo satisfying (5.2)
the operator (5.1) is bounded.

Proof. Let us observe that the following result holds. For every ¢ and p, with 2p)’ < ¢ < 2p,
the map
VugVel (W, ¢, g, f) € LI(RY) x LT (R?) x LI (RY) x LI(RY)
— VygVy f € LP(R*) (5.8)
is bounded; this is the result of Theorem 4.1 in the particular case p; = p), = g, where we

have written p in place of p just for convenience in the computations below. The relation (2.9)
tells us that we are now in the situation of Proposition 5.1, where Vy gV f plays the role of

o(f.¢. 8. ), L4, plays the role of Ty, E1 = Ey = E3 = LY(RY), E4 = LY (RY) and
E = LP (R*). Then Proposition 5.1(a), ensures us that the map
p (Tv2d " (Tod d d d
(@, ¢,¥) e L? (R*) x LY (RY) x LY(R?) —> L§ , € B(LY(R?), LI (R?))

is continuous. In particular, writing p in place of p’ (that means p = p’), we have that for every
symbol a € L? (R?) and for every windows ¢ € L9 (RY), ¢ € L1(R?) the corresponding local-
ization operator Lg’v/ is bounded on L4 (R?), provided 2p’) < g <2p/,i.e.

2P g
p+1 p—1

The proof is then complete. 0O

Remark 5.1. The result proved in [3] is slightly more general than the one of Theorem 5.1,
since [3] includes also the cases ¢ = 1 and ¢ = +00; the proof presented here does not work
in these cases, since the space E; = L7(R%) in Proposition 5.1 is required to be reflexive. We
recall anyway that for ¢ = 1 or ¢ = +o0 the continuity of (5.1) can be proved directly by simple
computations, cf. [3, Theorem 2.4].

We now want to prove a noncontinuity result for the localization operator LZ, v in order to
do this we need the following proposition.

Proposition 5.2. Let us fix g, r, p € [1, 00] in such a way that if ¢ > 2, then r > 2, too, and vice
versa if g < 2, then r < 2. We have that the map
VygVe (¢, g, f) € L"(RY) x L (RY) x L7 (RY) x LI(RY)
— VygVy f € LP(R*) (5.9)
is not bounded for any r, q, p satisfying

1 1 1

—. 5.10
max{r, r'} + max{q, q'} = p ( )
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Proof. Let us fix, for x € R?,
h(x)=e ™, hi(x) =e ™ >0, (5.11)

and let s, § € [1, oo]. We recall from [1] that
4 d d
WVihalls ()35 G+ DS
Al s Aol s 59 o+t

A5G, (5.12)

We want now to find a sequence (¢, ¥, g, f) such that the quantity

1V, 8.V, fillLs
ol Wl Il falla llgall o

is not bounded. We consider at first the case ¢ > 2 (which implies r > 2); let us choose

(U, Da, gas 1) = (B, b, b, hy), (5.13)

h and h, being given by (5.11). We observe that, since 4 and A, are real-valued, we have

Vi, h(x, w) = efzmx‘“V;ﬁ;L(—x, w) = e TV, b (—x, w);

since |e~271¥?| = |, we then have
| Vi, h(x, @) Vi (x, ) || 5 = || Viha(=x, @) Vihi (x, @) | 5- (5.14)

Now, V},h; can be computed explicitly, cf. [1], obtaining
Vi (6, 0) = (h+ D73 R, (1)g 1 (@);
+ =+

S0, since hLl (x) is even, we can replace Vyh) (—x, w) in (5.14) by Vj, k) (x, w), without chang-
T+
ing the norm. By these last observations and (5.12) we then obtain

| Vi, i Vil s _ I Vaha Vil s
WAl Mol Whollea Bl g R Rl Rl TR g
IVahall 2o Vaholl 25
Al Mhalir Whallee Rl
d d 4 d 4
G A C R R G DL e W
epr - G

b

this last expression tends to 400 for A — 0T, as we can deduce from (5.10). Then the map (5.9)
is not bounded.
Till now we have considered the case ¢ > 2; if ¢ < 2 (which implies r < 2) we choose

(W)u ¢)w &8s f)n) = (hv h}u h}u h)

in place of (5.13) and we repeat the same calculations as before. O
We can now prove the following noncontinuity result for localization operators.

Theorem 5.2. Let us consider the localization operator ij’m//, andlet p,q €[1,00], p # 1, such
that
2 2
q<—p or q>—p, (5.15)
p+1 p—1

Please cite this article in press as: P. Boggiatto et al., Uncertainty principle, positivity and L?-boundedness for
generalized spectrograms, J. Math. Anal. Appl. (2007), doi:10.1016/j.jmaa.2007.01.019

© 0 N o 0o~ O N =



© O N o 0o~ O N =

A A A B B DD DWW W W W W W W W WN NN NN NN N NN 2SS a aad S A
N o o0 A O 2 O © 00N o 0o A O 2 O O 0o N o g~ 0ON <+ O © 0o N o g s~ W NN =+ O

JID:YJMAA AID:12073 /FLA [mi+; v 1.69; Prn:2/02/2007; 9:22] P.18 (1-20)
18 P. Boggiatto et al. / J. Math. Anal. Appl. eee (eeee) eee—ecee

where we mean % = % =2 for p = 4o00. Then there exist a symbol a € L? (R*) and two

windows ¢ € L" (RY), y € L™ (RY),
20 ifq> 2L
p+1
r= o zp (5.16)
@p) ifg< 55
such that
d
Ly, ¢ B(LY(RY)). (5.17)

where we have written B(LY(R%)) for B(L1(R%), L1 (R%)).

Proof. (i) We consider at first the case when ¢ # 1 and g # +00; we want to use, as in the proof
of Theorem 5.1, the general result of Proposition 5.1: a comparison between (2.9) and (5.5) shows
that we are allowed to use Proposition 5.1 in the particular case o (Y, ¢, g, f) = V,/,ng)—f and
Tapy = L;sw. Then the negative result of Proposition 5.2, together with Proposition 5.1(b),
applied for E = L? (R™), E; = E; = L4(RY) (E is reflexive, since g # 1, g # 400),
Ez=L"(RY), E4 = L" (RY), ensures us that the map

(@.¢.9) € LP (R™) x L" (R?) x L"(RY) — L% , € B(LI(R?))
is not continuous for any p, ¢ and r such that
1 1 1

~

<
max{r,r'} max{qg,q’} p

where r and g are supposed to satisfy the hypotheses of Proposition 5.2. Let us write for sim-
plicity p instead of p’ (which implies p = p’), and fix r such that

max{r,r'} =2p’ (5.18)
(observe that (5.18) is equivalent to (5.16) because of the hypotheses of Proposition 5.2); we then
have that the map

(a.¢,¥) € L (R*) x L (R?) x L"(R?) —> LG, € B(LI(RY)) (5.19)
is not continuous for any p and g satisfying

1 1

—_— < .

max{q,q'}  2p’

Observe that this last condition is equivalent to (5.15), and so we have that the map (5.19) is not
continuous for any p and ¢ satisfying (5.15).

We want now to prove that (5.19) is not everywhere defined, i.e. there exist a symbol a and
two windows ¢ and v in the corresponding spaces such that the localization operator Lg v is not

bounded on L4 (R¥). To this aim it is enough to prove that the graph of the map (5.19) is closed,
and then the Closed Graph Theorem ensures us that the map itself is not everywhere defined. Let
us take a sequence

(@j, j, V) — (a, ¢, %) in LP(R¥) x L" (RY) x L"(RY),
such that the corresponding localization operators

Ly, — A inB(LY(R')); (5.20)
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we have to prove that
Ang,lp- 5.21)
We shall show that for every u,v € S (Rd),
(Au,v) = (Lg’wu, v). (5.22)
Now, from (5.20) we get
(L, 1 v) — (Au,v). (5.23)

On the other hand, the continuity of (5.8) in the particular case ¢ =r" and p = p’, ensures us that
Vy,uVg,v —> VyuVgu in L7 (R*), (5.24)
since r satisfies (5.18); then, from (2.9), (5.24) and since a; — a in L? (R*?) we get
(L;';’wju, v) = (aj. Vy;vVp,u) — (a, VyvVpu) = (LG ,u.v). (5.25)

Now, comparing (5.23) with (5.25) we immediately get (5.22). Then, (5.21) is a consequence
of (5.22) and standard density arguments.
(i1) Let us consider now g = +00. We want to prove that for every p € (1, +o00] there exist

a symbol a € L?(R*?) and two windows ¢ € LCPY (RY), Ve L% (RY) such that
d
Ly, ¢ B(L*(RY)).

Let us suppose an absurd that for every (a, ¢, V) € LP(R%) x L(zp/)/(Rd) x L2P' (R?) the cor-
responding localization operator

d

Ly, € B(L*(RY)). (5.26)

Now, Theorem 5.1, applied for g = % = 2p’, ensures us that for every (a, ¢, ) € LP (RZ‘I ) X
LCPY (RY) x L2 (RY),
2p' (od

Ly, € B(L* (RY)). (5.27)

Then by (5.26), (5.27) and interpolation theory we obtain that L?),z// € B(L4 (Rd)) for every
q € [%, +oc] and for every (a, ¢, ) in the corresponding spaces; this last fact contradicts
what we have proved at the point (i), and so the conclusion holds also for g = +o0.

(iii) The remaining case g = 1 can be treated in the same way as ¢ = +00. More directly, since

we have found (a, ¢, ¥) € LP (R*) x L@V (R x L2P'(R?) such that LY, & B(L®(RY)),
from the relation (L‘;/, #)" = L4, we immediately obtain that
a 1 d
Ly 4 ¢ B(L'(RY)),

and then the proof is complete. O

Summarizing the results of Theorems 5.1 and 5.2, we have proved that, considering the local-
ization operator Lg’w, cf. (2.8), with symbol a € L? (R2?) (and windows in the corresponding

spaces), we can ensure its continuity as an operator L; v’ L?(R?) — L4(R?) if and only if

]
qe s |
p+1 p—1
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in the sense that when g ¢ [%, %] we can find suitable windows ¢ and ¥ that make Lg "
not continuous on L7 (R?).
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