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Abstract. Motivated by problems in signal analysis, we define a class of time-
frequency representations which is based on the short-time Fourier transform
and depends on two fixed windows. We show that this class can be viewed
as a link between the classical Rihaczek representation and the spectrogram.
Correspondingly we formulate for this class a suitable general form of the
uncertainty principle which have, as limit case, the uncertainty principles for
the Rihaczek representation and for the spectrogram. We finally consider the
questions of marginal distributions. We compute them in terms of convolu-
tions with the windows and prove simple conditions for which average and
standard deviation of the distributions in our class coincide with that of their
marginals.

1. Time-frequency Representations

The total energy of a signal f(z), (z € R?%), is commonly interpreted in physics and
in signal analysis as its L? norm || f|| 2. Accordingly, the positive function |f(z)|?
represents the density of the energy of the signal with respect to the time (although
x is the "time” variable we shall assume here x € R? for generality and also in
view of possible other interpretations). As the Fourier transform f (w) gives the
frequencies contained in the signal, then | f(w)|?
respect to the frequency variable w and the equality || f||L2 = || f lz2, stated by the
Plancherel theorem, is interpreted, in this context, as the natural assertion that the
total energy of a signal does not change if we switch from the time representation
f () to the frequency representation f (w). Actually the sentence ”the signal f(x)”,
which is of common use and we shall also adopt, is somehow misleading because
f(x) and f (w) should be viewed as two different, and in some sense complementary,
representations of the same physical phenomenon constituted by the signal. In the
L? frame, which corresponds to the space of finite energy signals, the fact that the
Fourier transform is a bijection means that each of the two representations contain
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in reality all informations about the signal. However in each representation some
informations are contained in an explicit and others in a more implicit form and
this can make the latter difficult to be recognized. For example it is clear that from
the time representation f(z) of a signal the support supp f immediately indicates
when the signal takes place in time, however the frequencies contained in the signal
are not to be detected directly but given only through the ”form” of the graph of
the function f(z). In a quite symmetrical way the function f(w) contains explicit
informations about the frequencies of the signal but the information about when
these frequencies are present in the signal is hidden in the ”form” of the function
f(w). For example the Fourier transform 27« f () of the delayed signal f(z — a)
differs from the transform f(w) of the original signal f(z) only in the ”shape”
factor €2, A clear exposition on these subjects can be found for example in
[13].

One fundamental problem of time-frequency analysis is to find suitable rep-
resentations for the energy density of a signal simultaneously with respect to
time and frequency. Of course this question is equivalent to the definition of a
2d—dimensional distribution density Q(f)(z,w) depending on the variables 2 € R?
and w € RZ However, differently to what happens with usual distributions in
statistics and probability theory, here the uncertainty principle put intrinsic lim-
itations to the natural properties one would expect from a 2d-dimensional dis-
tribution. The basic problem is that ”instantaneous frequency” has no physical
meaning, and therefore, no matter which time-frequency representation Q(f) is
used, its point values do not have any univocal physical interpretation. perfection-
ated for particular time-frequency representations).

More precisely, let Q(f)(z,w) be a time-frequency distribution of the en-
ergy of a signal f. Then some desirable features are expressed by the following
conditions:

(1.1)
o Positivity: Q(f)(z,w) should be real and positive.
o No spreading effect:
If supp f C I for an interval I C R? then I supp Q(f) C I (where II,
is the orthogonal projection from R% x R? to RY); analogously, if
supp f C J then I supp Q(f) C J.
o Marginal distributions:

Jra QU (@, w)dz = | f(@)%; [ra QU (w,w)dw = | ().

It turns out that these conditions are actually incompatible with the uncertainty
principle and they can therefore be satisfied only with a certain degree of approx-
imation.

Many different representations have been defined in the literature with the
aim of approaching as near as possible an ideal representation (see [5], [8], [9],
[12], [13]). A general frame for the study of these representations is given by the
so-called Cohen class, see for reference [3], [4].
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Three of the most known representations are the spectrogram, the Rihaczek
and the Wigner representations.

For what concerns the spectrogram, the idea, originally due to D. Gabor,
is to focus the Fourier transform on small intervals in time and to analyze the
frequencies present in these intervals. This is performed by multiplying the signal
f(t) by a cut-off, or window, function ¢(t) that can be translated by a parameter
x along the time axis, before taking the Fourier transform. In this way we are lead
to the definition of the Gabor transform or short-time Fourier transform (briefly
STFT) of a signal f(t):

(1.2) Vi f (2, 0) = / e~ 2m G 2 £ (H)dt.

Rd

It indicates the frequencies w contained in the signal in a neighborhood of the time
. The conjugation on the window appears just for mathematical convenience so
that Vi, f(z,w) = (f, dzw)r2, Where ¢y (t) = €27l (t — z).

The quadratic representation corresponding to the STFT is called spectrogram (see
[4], [10]) and is defined as

(1.3) Sps () (@, w) = Vo f(z,w)|*.

It is of course a positive distribution but it does not satisfies the marginals and
has a spreading effect depending on the support of the window ¢.

The Rihaczek quadratic representation is essentially defined as the product of
the signal f(z) with its Fourier transform f (w), more precisely it is the distribution

(1.4) R(f)(x,w) = e [ () f(w).

Though its elementary definition it has reasonable physical motivations and was
widely used in the time-frequency analysis of signals (see [4], [11]). As one can
immediately verify, it satisfies the marginals and has no spreading effect, however
it is evidently not positive.

The third very popular representation is the Wigner distribution (see [18])
defined as

(1.5) Wig(f)(z,w) = /d e 72 f (1 4 t/2) f(x — t/2)dt.
Rd

As the Rihaczek representation, it is not positive but it has no spreading
effect and it satisfies the marginals (see [4], [10], [12]).

The Wigner distribution and the STFT are the basic tools for the theory of
Weyl and localization operators respectively, about these wide fields there exists
a huge literature, see for example [2], [16], [17], [19], [15], [20].

We shall be addressed in this paper essentially to the first two above-mentio-
ned representations; related questions about the Wigner representation will be
treated in a further paper. We shall establish a link between the spectrogram
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and the Rihaczek representation by defining in the next section a class of time-
frequency representations Q(f)(z,w) = Q.4 (f)(z,w) which depend on two win-
dow functions or distributions ¢, 1. In a suitable general functional setting for
windows and signals, we shall show that a sort of path between the spectrogram
and the Rihaczek representation is allowed within this class, permitting to pass
from one representation to the other by a continuous variation of the windows. Of
course the degree of approximation by which the conditions (1.1) are satisfied will
also change accordingly. As we explain in section 2, the motivation of our definition
is not only a mathematical one but it has been suggested by the attempt to reduce
the spreading effect of the spectrogram, result which can be easily confirmed by
computer simulations.

In section 3 we treat the question of the uncertainty principle. We formulate
a simple uncertainty principle for the representation (4, in the LP frame and
show that it links different form of uncertainty principles for the Rihaczek and
spectrogram representations. Finally in section 4 we consider the problem of the
marginal distributions. We compute the marginals of the representation Q4 in
terms of convolution with the product of the windows and deduce from this that
the case where our representation reduces to the Rihaczek is the only case where
both marginal conditions in (1.1) are satisfied. Further we give in the general case
simple conditions on the windows in order that average and standard deviation of
the marginals of (04, coincide with that of the "expected” marginal distributions

|f (@) and | f(w)]*.

2. The Representation ()

Let ¢ : E x E — F be a sesquilinear form from the cartesian product of some
functional space E to another space F. Then, as mentioned in [10], there are at
least two natural ways of obtaining a quadratic representation @@ on E. One can
consider Q(f) = q(f, f) or, for fixed ¢, one can set Q(f) = |q(f, ®)|*.

The first of these methods is followed in order to pass from the ”cross” Ri-
haczek sesquilinear form  R(f,g)(z,w) = e 2™ f(x)g(w) to the (quadratic)
Rihaczek representation (1.4), as well as from the ”cross” Wigner distribution
Wig(f,9)(z,w) = [gae 2™ f(z + t/2)g(x — t/2)dt  to the quadratic Wigner
representation (1.5).

The second is used to pass from the short-time Fourier transform Vy f(z,w),
which is sesquilinear in the couple (f,¢), to the spectrogram Spy(f)(z,w) =
Vo f (2, 0)]%.

We propose here a third way of defining a quadratic representation. Let g be
a given sesquilinear form, then, for fixed ¢ and v, we set

(2.1) Qou(f)(@,w) = q(f, @)q(f, ).
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We observe that, in the case ¢ = ¥ our definition coincides obviously with
the second method mentioned above. On the other hand it can also be viewed as
an application of the first method to the sesquilinear form ¢(f, g) = q(f, ¢)q(g, ).

In order to justify our definition we shall now focus on the case where
q(f,¢) = V,f and introduce some considerations about the spreading effect of
the spectrogram. As we mentioned in the previous section, the presence of the
window ¢ is responsable for this effect. More precisely, as a consequence of the
uncertainty principle, if the support of the window ¢ is well concentrated around
the origin then we have a little spreading effect in time, i.e. a good "localization” in
time, but a considerable spreading effect in the frequency, i.e. a bad ”localization”
in frequency. Vice versa, if the support of ¢ is ”widespread” then the localization is
bad in time but good in frequency. This suggests that instead of the spectrogram
Sps(f) = |V f|? = Vs fV,sf, we can fix a second window 1 and consider the form

(2.2) Qo (f) = Vo[Vl

The advantage is that, if ¢ is very concentrated around the origin and 1 very spread
on the plane (i.e. 9 is very concentrated), then V,f will show a good localization
in time and Vy f a good localization in frequency. Due to the reciprocal cut-off
effect in the product, Vi fVy f will have both good localizations. The drawback is
of course the lost of positivity of the distribution. In the limit case where ¢ tends
to 0 and ¥ to 1 then we shall have no spreading effect at all i.e. the third condition
in (1.1) will be exactly satisfied. We shall prove that this case will coincide with
that of the Rihaczek representation.

The better behaviour with regard to the support property of the representa-
tion Q¢ compared with the spectrogram can be made precise in many different
ways. For example we can remark that Vg f = (e=2™() f)xg and therefore, from
the support property of the convolution, II, (supp Vg f) C supp ¢ + supp f. From

the fundamental equality of time-frequency analysis V;, f(z,w) = e_%i‘qu; flw,—x)

we also have II,, (supp Vi, f) C supp q3+ supp f, so we have proved the following
property.

Proposition 2.1. Let ng indicate balls in R? of radius 0; >0,5=1,2.
i) If supp ¢ C Bgl then IL, (supp Spe(f)) C supp f + Bgl;
i) If supp ¢ C B{? then II,, (supp Spg(f)) Csupp f+ B2,

Of course hypothesis i) and ii) of this proposition can not be both satisfied,
which is one possible form of expressing that for the spectrogram good localization
in time and in frequency are complementary.

An immediate consequence of this same proposition is that, on the contrary,
for the representation Qg = Vy fm we can have arbitrary good localization
both in time and frequency, more precisely:

Proposition 2.2. Let ng indicate balls in R of radius 0; >0,7=1,2.
Suppose that supp ¢ C Bg1 and supp ¢ C BgQ, then
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i) T (supp Qo,u(f)) C supp f + By';
ii) I, (supp Qg,y(f)) C supp f + BY?.

We present next two possible functional settings for the representation Qg .
We start by recalling some properties of the STFT. Let f ® ¢ be the (tensor) prod-
uct f ® ¢ (x,t) = f(x)p(t), 7, the asymmetric coordinate transform 7, F(x,t) =
F(t,t—x), and F> the partial Fourier transform FoF(z,w) = [p. e ™ F(x,t) dt
of a function F' on R??. Then an easy computation gives (see [7]):

Lemma 2.3. If f,¢ € L2(R%), then
Vo f(z,w) = Fara(f @ @)

Lemma 2.3 is used to extend the STFT to a map from S'(R%) x S'(R?) to S’(R?).

Namely, if f,¢ € §'(R?), then f ® $ € &'(R2), with (f ® 6,%) = (f: (6, )):
X € S(R?9), as we consider distributions as anti-linear functionals. Further both
operators 7, and JFp are isomorphisms on &'(R2?). Thus V,f is a well-defined
tempered distribution, whenever f, ¢ € S’(R%).

Following these general lines Qg 4 (f,g) = Vi Vg would result as a product of
two temperated distributions. To overcome problems of definition we introduce
then some restrictions.

Definiton 2.4. Let B¥(R?) be the space of smooth bounded functions together with
all its derivatives, i.e. the space of C™ functions h such that for every multi-index
a = (ai,...aq) € N? there exists a constant M,, with |0%h(x)| < M, on R?,

By the differentiation under the integral and the Riemann-Lebesgue theorem
one immediately obtain the following result.

Lemma 2.5. If 1) € B*(RY) and g € S(R?), then Vg € B>=(R??).

Of course the role of g and v in Lemma 2.5 can be exchanged .

We observe now that the form g, (f,9) = V,fVyg makes sense whenever
Ve f is a tempered distribution and Vg € B> (R%). From Lemma 2.5 this is the
case for example of the next proposition.

Proposition 2.6. Let f,¢ € S'(RY) and g € S(RY), ¢ € B¥(R?) (or vice versa
g € BX(RY), ¢ € S(RY)). Then qy.4(f,g) is a well defined tempered distribution
in &' (R2%).

Better regularity for the time-frequency representation ¢4, can easily be
obtained for example in the following situation.

Proposition 2.7. Let f,g € S(RY) and ¢, € S'(R?) (or vice versa f,g € S'(RY),
and ¢, € S(RY)), then qs.4(f,g) € C°(R*).

As a second functional setting for the representation (2.2) we consider LP
spaces.
We shall need the following boundedness result about the STFT, see [14], [1].
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Proposition 2.8. Let us fix q and p satisfying ¢ > 2 and ¢’ < p < q, where ¢’ is
the conjugate of q, i.e. % + % = 1. Then V : L? (R%) x LP(RY) — LI(R??) is
continuous, in particular

(2.3) Vo fllza < I fllo 1ol zo-

We can now expresses the behaviour of (2.2) in the context of LP spaces by
the following proposition.

Theorem 2.9. Let g € [1,00], g; € [2,00], p; € [1,00], j = 1,2 satisfy q% + q% = %,
and q; < pj < q;, where ¢; is the conjugate of g;, i.e. % + qi, =1. Then

j '
(2.4)

q: (f,6,9,%) € L (RY) x L7 (R?) x LP2(R?) x LP*(RY) — g4, (f, 9) € LI(R*)

is continuous, in particular

(2.5) lag.6(fs 9)la < NFl oy 1Dl o gl og 1] Lra
Proof. We begin by remarking that ¢ = ﬁ > 1 for g; > 2, j = 1,2, which

means that (2.4) makes sense under our hypothesis. From Proposition 2.8 we have
that V,h : LP (R?) x LP(RY) — L9(R?%), with ¢ > 2 and ¢’ < p < g, is continuous,
and in particular ||V h||ze < ||h|| . ]|¢|lLr holds. So we obtain that

q=VyfVyg: LP1(RY) x LP*(RY) x LP2(RY) x LP*(RY)  — L% (R*%). L% (R?)
with
Vo fllLa <Fll o llollce, [Voglle < llgll o l9lLee -

where L% (R29) . L92(R29) indicates the subset of S’(R%) of all the products fg of
a function f € L9 (R2??) with a function g € L% (R?9).
The generalized Holder’s formula:

(26) Vot Vagla < IV lzor [Vaglles, for —+— ==
@ 92 9
proves then (2.5). Moreover (2.6) means:
L9 (R2) . L% (R2Y) s [4(R%)
which proves (2.4). O

We end this section by showing that the form (2.2) represents a link between
the spectrogram Spy(f) in (1.3) and the Rihaczek’s distribution R(f) in (1.4).

Theorem 2.10. Let f € S(RY), and ¢ € S'(R?), then

i) Qp.6(f) = Spe(f);
ii) Qs1(f) = R(f).
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Proof. The choice ¢ = 1) in (2.2) proves immediately the first part of the theorem.

Consider now the limit cases ¢ = ¢, the point measure (4, ) = ¢(0), and 9 = 1.
For x € S(R??) we have:

(Vafix) = (Fera(f©8),x) = (f@8, 7 " F7'x) = (f, (6, 7" P2 'X))
= (f, Jga €7 x (2 — t,w) dw |1=0) = (f, [ga ™ x (2, w) dw)

= [gea €72 f(2)x (2, w) dedw = (™2™ f(2), x(z,w)) .

Therefore
(2.7) Vsf(z,w) = e 2™ f(z).
Now by relation (2.7) we obtain

Vig(z,w) = e ™V g(w, —x) = e T Vsg(w, —x) = §(w).
We conclude that Vs fVig(z,w) = e 27 f(z)g(w). O
We observe that it is of course possible to define explicitly a ”path” between
the spectrogram and the Rihaczek representation. For example, using Gaussian
functions, we can consider the L!'-normalized window ¢y (z) = A4/2e=mra” and

set 1 (z) = da(z) = e ™37 with \ € [1, 0], adopting the convention ¢, = 0,
oo = 1.

3. Uncertainty Principles

In this section we examine various forms of the uncertainty principle. We study in
particular which forms of this principle apply to the quadratic representation Qg .
and show that suitable LP formulations have, as limit case, uncertainty principles
for the spectrogram and for the Rihaczek representation. We begin with recalling
the classical uncertainty principle.

Proposition 3.1. For f € L?(R), a,b € R we have

([ arisr dm>1/2 ([ - as)

As pointed out in [11] this principle is essentially an inequality for the Ri-
haczek representation and can actually be reformulated as:

1/2 1
> IS

1/2 1
([ o= 02— bPIRs @) dedo) > 11

Another expression of the uncertainty principle for the Rihaczek representa-
tion is the well-known uncertainty principle of Donoho-Stark for which we refer to
[6].
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We prove next a form of the uncertainty principle for the Rihaczek repre-
sentation in terms of the integral [, |R(f)(z)| dz instead of [, |R(f)(2)* dz (as
usual, z = (z,w) € R??),

Proposition 3.2. Let f € L}(R?) N L>°(R?) and € > 0. If U C R?? is a measurable
set and

(=Nl < [ IRF Gz,
then p(U) > 1 — ¢, where u (U) is the Lebesque measure of U.
Proof. As |Rf(2)| = |f(z)f(w)| we have immediately:

(L=l fllre=lfllr < /U |Rf(2)|dz < ||f||L°°||f||L°°/U dz < [ fllzelfllpr 1 (U)
O
For p € (1,00) we have the following result.

Proposition 3.3. Let f € LP(R%) N LY (R), U be measurable with finite measure
and € > 0. If

(L= llf el fll e S/UIRf(Z)Idz,

/\1/p,
then p (U) > CiPo(1 — €)P°, where pg = min(p, p’) and Cyp, = EZS;LZZ .

Proof. In the proof we make use of the continuous inclusion L??(U;) C LP*(U;) for
p1 < pa, where || f||pre < pu (U;)/P1=1/P2)|| || o1 and, of the boundedness of the

7 ~ d
Fourier transform F : LY(R%) — L7 (RY) with | f| ;. < (\/ ql/q/qll/q) 1Nz,
which holds for ¢ € [1,2].
We consider at first the case p < 2, we have the estimates
(3.1)

(1= Sl ey 1l oy < Jor (@) F ()] dadw
< £ ® fllr @yu0)°
< ||fHLp’(Rd)||f||Lp’(Rd)M(U)a

d
< (VPTI) 1l oy |1l oy (U)°

where & = 1 — 1/p’ = 1/p, which proves the thesis.
Analogously for p > 2 we have

(3.2) A
(1= A eyl f o ey < foy [f (@) f ()] dwdw
< 1f & Flayn(v)?
<N e ey L f | o raype (U)P

d
< (VP I07P) oo |1l gy (U)
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where 8 =1—1/p = 1/p’. The thesis follows then from (3.1) and (3.2). O

Remark 3.4. We note that we can regard Proposition 3.2 as a particular case of

Proposition 3.3 if we allow p € [1,00], adopting, in the case py = 1, the convention
ool/® =1/0 =1,

Our next goal is the investigation of possible relations between these results
and corresponding uncertainty principles for our general class of representations
Q.- For this class we prove now the following simple uncertainty principle.

Proposition 3.5. Consider non zero functions ¢ € LP(R%), ¢ € L* (R?) and f €
LP(RY) N LY (RY), where 1 < p < co. Let U be a measurable set in R2? and e > 0.
If

(3-3) (=AMl fll Lo 1ol 2o N[00 o S/UIQw,¢(f)(Z)| dz,

then p(U) > 1 —e.

Proof. Writing, as usual, z = (z,w), ¢, (t) = 2T o(t —x), 1, (t) = 2™ (t — ),
we have

A=Al [lf o 18l €l o < [ 1Qu.s(f)(2)] dz =
(3-4) Jo 1(£:02) (W=, Ol dz < I Fllee 11| Lo 01l o 18] Lor fi dz =
Izl o 1@l o 11| Lo e (U)-

O

Though its simplicity, this result is enlightening for what concerns the con-
nections with the uncertainty principles for the spectrogram and the Rihaczek
representation. Actually, for ¢ = ¢ € L?(R?), it contains the well-known weak-
uncertainty principle for the spectrogram (see [14]), namely:

Proposition 3.6. For f,¢ € L?(R?), U measurable set in R*?, € > 0, the condition

(35) (1= T BallolE: < [ VS ()P ds
U
implies p(U) > 1 —e.

On the other hand, for p = 1, keeping ||¢||p1 = ||¢]|L~ = 1, we can let ¢ tend
to 6 and 1 tend to 1 in &’(R%) and we see therefore from Theorem 2.10 that the
previous proposition yields, in this limit case, exactly the uncertainty principle of
Proposition 3.2 for the Rihaczek representation.

Proposition 3.5 also permits to understand the substantial reason why, in the
cases 1 < p < oo, we do not recapture the uncertainty principle of the Rihaczek
representation as a limit case of that of the generalized spectrogram. Namely, if
¥ € LP (R tends to 1 in S’(R%), then |[¢)[|;, can not remain bounded, otherwise
there would exist a subsequence weakly convergent to an element v, € L¥’ (R%),
contradicting ¢ — 1 in &' (R9).
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In order that the product ||¢| rr||?|l;», which appears in (3.3), remains
bounded, it is then necessary that ||¢|» — 0. This implies ¢ — 0 in S'(R%),
and is therefore incompatible with the condition ¢ — §. This justifies the more
involved result for the Rihaczek representation which we have obtained in Propo-
sition 3.3.

4. Marginal Distributions

In this section we consider the quadratic form

Qo (f, ) =Vaf Vi ],

and we want to study its marginal distributions, i.e.

(1.1 Q) = [Vl ViFdo,

and

(12) Q) = [ VorTif da.

The marginals (4.1) and (4.2) are well defined for instance if V, fV,, f € L}(R??),
that is satisfied when g1, g2 in Theorem 2.9 verify % = 1, that means q; = ¢5.

Since g; > 2, j = 1,2 we have to choose ¢; = g2 = 2, and consequently p; = ps = 2.
Then from now on we shall fix f, ¢, € L?(R?).

We start now by giving the explicit expression of (4.1) and (4.2) and then

we study their average F and their standard deviation 2.

Proposition 4.1. For every f € L2(R?) and ¢, € L*(R?) we have:
(4.3 [Ver VT o= 112+ (59

where as usual ¢(z) = ¢p(—z) and P(x) = p(—x).

Proof. We start by considering f, ¢, € S(R?), recovering then (4.3) in the gener-
ical case by density arguments. By a simple change of variables we get:

[ VadaT o = [ 27 g +.9) T 0l — ) 9a + 5 — o) ds da o

now, by integrating at first in the w-variable, since [ e~?74% dw is the ¢ distribution
in the ¢g-variable, we obtain that

[ VerVaTdo = [ 1T bs ) 5o — ) ds = |12 (38) o)
that is what we want to prove. O

Let us analyze now (4.2). From the previous Proposition and the formula
Vof(z,w) = 6_2””‘/];9(% —1x) we get immediately an analogous result.
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Proposition 4.2. For every f € L2(R?) and ¢,y € L*(R?) we have:

(4.4 [ Vet TaF iz =157+ () ),
with the same notations as in the previous proposition.

In formula (4.3) we obtain the marginal with respect the x-variable, |f(z)|?,
(1/) gb)( ) =19, (6, ) = »(0), which is the case when

¢ =0 and 1(0) = 1 or vice versa ¢ = § and ¢(0) =1 .
In formula (4.4) we obtain the marginal with respect the w-variable, |f(w)]?, if
(12 qziﬁ)( ) = ¢, which happens when
¢ =6 and ¥(0) = 1 or vice versa ¢ = § and ¢(0) =1 .
We have therefore:

Corollary 4.3. For the generalized spectrogram Qg (f) both marginal distributions
conditions are satisfied in the cases ¢ = 0, ¥ = 1 and ¢ = 1, b = 8, which cor-

respond to the Rihaczek’s distribution R(f) = e~ 2™« f(z)f(w) and its conjugate
R(f) respectively. More generally, for every multi-index o, the marginal distribu-

tions conditions are satisfied by generalized spectrograms with windows ¢ = 0“6
and ¥ = x/al, or viceversa ¢ = x*/al and ¢ = 0%9.

We analyze now some properties of the marginal distributions (4.1) and (4.2).

Proposition 4.4. We have:
(4.5) E(Q4)) = E(IfP) (4:6) 12 = 1f1I32 (22, 0)

and

Q) = [ [v-E@)] 11wk dy (8.0),.

(4.6) o / - E@UD]IfwIPdy (2v.0) .
+ £ (@%,0) .

Proof. By (4.3) and a simple exchange of integration order we have:
B@Q) = [#(fP (3 d)a) ds
= / )20 —y) bz —y) + (& — )| f@) 2 D@ —y) Sz — y) dy do
= (1/1,¢)L2/y|f(y)\2dy— (x¢7¢)L2/|f(y)l2dy,
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and so (4.5) is proved. Regarding (4.6) we observe that
Q) = [ [o= B@D)] (17 + @3)w) de
— [[v-B@) +2 - o] 110)P b~ ) 3la - ) dy s
— [[v= BQU)] WP 9t ) 3w - ) dyda
+2 [0y - EQU]IF0)P 3~ 0) 3w — g) dyds
+ [@ = 9P b~ ) ol ~ ) dy ds
— [[-B@)] 1P dy (4.9)..
=2 [y= B@Q)| WP dy (ev.0),.
+ [P dy (20.0)

that is what we wanted to prove. O

With analogous computations results as in Proposition 4.4 can be proved also
for Qf,zp (w), namely:
Proposition 4.5. We have:

(4.7) EQ$)) = B(If1?) (¢,) . — | £} (i, 6)

and
(@) = [ [n=BQEL] 1FmP dn (4.6),.
(48 =2 [ [n- BQE)]IF@P dn (@5.6)..
+ ||f||%2 (w%ﬁ’(&)Lw

Remark 4.6. Let us remark that in the particular case when

(4.9) (,6) o =1, (39,0),2 =0,

that is verified for example when (x ) b(x) is a Gaussian, we have from (4.5) that
(4.10) B(Quy) = E(f7);

analogously, when

(4.11) (V,8),. =1, (wih,9),, =

we obtain from (4.7)
(4.12) B(QS,) = E(77).
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Moreover, if (4.9) and
(113 (#206.6) 2 = 0
are satisfied, we also have from (4.6) and (4.10) that
1
o* (@) = > (1),
and when the windows ¢ and ¢ satisfy (4.11) and

(4.14) (W, ), =0
then we get from (4.8) and (4.12)

Q%)) = o*(If1?) -

A simple example in the one dimensional case of a function &(x)g(m) = h(z)
satisfying the conditions (4.9) and (4.13) is given by h(z) = k(|z|), where
= TE(51)
k(x) = —% x € (1, %)
0 elsewhere .
Acknowledgements. The authors are thankful to the referee for his valuable re-
marks and suggestions.
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