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Abstract

We prove some results of existence and regularity in analitic-Gevrey
spaces for solutions of linear and non-linear partial differential
equations. In particular we consider Navier-Stokes equations and
perturbations of powers of the Schrödinger operator.

1. Introduction

An elementary, but instructive, example of the use of the Gevrey
classes for the study of the non-linear equations of the Applied
Mathematics is given by the Cauchy problem:

( ),...,,,,,,
1

2 uuuuxtFu
nxxtt ∂∂∂=∂

( ) ( ) ( ) ( ) ( ),,0,,0 10 xuxuxuxu t =∂= (1.1)

where ( )nxxx ...,,1=  are the space variables in a domain of .nR

Assume for simplicity that the non-linear function F is analytic, but allow
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possibly that ( )uuud
nxxx ∂∂= ...,,

1
 is replaced in (1.1) by ,uAdx  where

A is a matrix of classical pseudo-differential operators of order 0.
Problems of the type (1.1) appear often in the applications, related to
equations of fluids, or with different Physical meanings, according to the
choice of F. It is well known that (1.1) is well-posed in the classical sense,
i.e., for initial data in Sobolev spaces or other standard function or
distribution spaces, only if restrictive assumptions are satisfied by the
right-hand side F. In other relevant cases, despite the solution is
expected by Physical intuition, a theorem of existence is not possible in
this frame.

Gevrey classes provide a different functional frame, allowing to satisfy
the natural hope, that (1.1) should be always solvable, independently of

F. Namely, if the initial data ( ) ( )xuxu 10 ,  belong to the Gevrey class ,sG

with index ,21 ≤≤ s  than (1.1) admits a solution ( ) ,,, Ttxtu ≤  in the

same Gevrey class. Note that, if ( ) ( )xuxu 10 ,  belong to ,1G  i.e., are

analytic functions, the existence of an analytic solution ( )xtu ,  is already

granted by the Cauchy-Kowalevsky theorem.

To be more definite, let us recall here the definition of the Gevrey
classes, which play the role of intermediate spaces between the spaces of

the ∞C  and analytic functions. Given ,Ω  open subset of ,nR  we say that

( ) ,1, ≥Ω∈ sGu s  if ( )Ω∈ ∞Cu  and for every compact subset K of Ω  we

have

( ) ( ) ,!sup 1 s

Kx
Cxu α≤∂ +αα

∈
(1.2)

for a constant C depending only on u and K. When 1=s  we recapture

the analytic case, whereas for 1>s  we obtain larger spaces, containing

functions with compact support. It is interesting to observe that if

( ),0
nsGu R∈  i.e., ( )nsGu R∈  has compact support, then its Fourier

transform ( )ξû  satisfies the estimates

( ) ,,ˆ
1 ns

Ceu R∈ξ≤ξ ξε− (1.3)

for some positive constants C and ε. Actually, the estimates (1.3)
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characterize the sG -regularity of a Fourier transformable function, or

distribution. Observe that (1.3) implies

( ) ( )∫ ∞<ξξ=ξ ξτξτ dueue
ss 222 ˆˆ

11
(1.4)

for a sufficiently small .0>τ  In the sequel we shall also consider Gevrey

classes on the n-torus .nT  Given a function on nT

( ) ∑
∈α

α
α

α ∈=
n

ueuxu xi

Z

C,, (1.5)

we have ( ) ,1, ≥∈ sGu ns T  if and only if

∑
∈α

α
ατ ∞<

n

s
ue

Z

22 1
(1.6)

for some .0>τ  The problem (1.1) can be obviously reset for ,nx T∈

with identical results of existence in ( ) .21, ≤≤ sG ns T  For all the

related proofs we address the reader to classical works, see Kajitani [10]
and the references there; for the linear case see also the monographies of
Rodino [19], Mascarello and Rodino [14]. In the sequel of the paper we
want to show the effectiveness of the Gevrey functional frame in the
study of some other linear and non-linear partial differential equations,
with emphasis on equations of the Mathematical Physics. Namely, in the
next Section 2 we review a result of Foias and Temam [6] concerning
Navier-Stokes equations. In that paper existence of solutions is assumed
already achieved in a certain Sobolev space by other methods, let us refer
to Solonnikov [20, 21], and the aim is to show the Gevrey regularity of
such solutions.

The other Sections of the present article are devoted to prove new
results for perturbations of powers of the Schrödinger operator (without
potential), in one space variable:

.2
xtiS ∂−∂= (1.7)

In fact, the local properties of
( )uuxtFSu x∂= ,,, (1.8)
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do not differ from those of the non-perturbed operator S, see for example
Messina and Rodino [15]. On the contrary, for the equations

( ) 32
2 ,, ≤+∂∂= jl

j
x

l
t uxtFuS (1.9)

we have completely different phenomena, depending on the lower order
terms in the (linear or non-linear) expression of F. So for example we
prove that

uiuS xt∂∂=2 (1.10)

is hypoelliptic, i.e., all the solutions are smooth, whereas the solutions of

02 =uS  admit obviously singularities.

Gevrey classes provide a frame for the unified treatment of (1.9):
leaving a more detailed analysis to the future, we begin to give in the last
part of this paper some simple but representative results of Gevrey
solvability. The proofs rely on the techniques introduced in De Donno and
Oliaro [4].

2. Navier-Stokes Equations

In the following we report the results of Foias and Temam [6] in a
lightly more general form, as suggested by the final Section of that paper.
We do not give proofs, since they are essentially a repetition of those in
[6].

We consider the Navier-Stokes equations of viscous incompressible
fluids with space periodicity boundary conditions, in space dimension

2=n  or .3=n  Setting then the problem in [ ] nT T×,0  we obtain for the

unknown function ( ( ) ( ))21 , uuu =  for ,2=n  or ( ( ) ( ) ( ))321 ,, uuuu =  for

,3=n  the abstract evolution equation

( ) ( ) ,0, 0uufuBAu
dt
du ==+ν+ (2.1)

where ν is the kinematic viscosity and BA,  are defined as standard.

Namely, we refer to the Hilbert space H defined as the closed subspace of

( )nnL T2  of all functions
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∑
∈α

αα−α
α

α ==∈=
n

uuuueuu nxi

Z

C ,0,,, 0 (2.2)

such that for every nZ∈α

( )∑
=

αα =α=⋅α
n

j

j
j uu

1

0 (2.3)

(i.e., ).0=∇u  The operator A in (2.1) is the Stokes operator with space

periodicity boundary conditions. It is a self-adjoint unbounded positive
operator in H. The domain ( ) HAD ⊂  and more generally the domain of

the positive power ( ) ,0,2 >rAD r  is the set of all Hu ∈  such that

∑
∈α

α ∞<α
n

ur

Z

.22 (2.4)

We then consider ( ( )) ,nnsG T  the space of all the n-tuple of functions

satisfying (1.6). More generally, given 0,1 >τ≥s  and 0≥r  we define

the space ( )ns
rG T,τ  of all the (n-tuples of) functions satisfying

∑
∈α

α
ατ ∞<α

n

s
uer

Z

.222 1
(2.5)

Note that ( ) ( ( ))nnsns
r GG TT ⊂τ,  and for every fixed 0≥r

( ) ( ( ))∪
0

, .
>τ

τ = nnsns
r GG TT

The spaces ( ) 0,0,1
, ≥>ττ rG n
r T  are then subsets of the analytic class in

.nT  Finally, concerning B in (2.1), we have ( ) ( )uubuB ,=  where ( )vub ,

is defined as usual by

( )( ) ( )
( )

( )∑ ∫
=

∂
∂

=
n

kj

k

j

k
j

n
dxw

x
v

uwvub
1,

,,,
T

which one can easily re-interpret in terms of the Fourier coefficients in
(2.2).
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Let us now state the result of Gevrey regularity for the solutions of

(2.1). We shall prescribe initial data 0u  in ( ) ,21 HAD ⊂  cf. (2.4). It is

then well known that in dimension 2=n  the solution ( )tuu =  exists

and remains bounded in ( )21AD  for all positive times, whereas for

3=n  this is granted only in a finite interval [ ].,0 T  For all t in the

domain of ( )21AD  existence, we have:

Theorem 2.1. Let the right-hand side f in (2.1) be given in ( ( ))nnsG T

.1, ≥sH∩  Then the above solution ( )tu  is an analytic function of t, with

values in ( ( )) .nnsG T

More precisely, assume ( ) .0,1,0, >τ≥∈ τ sHGf ns ∩T  For small

values of 0>t  we have ( ) ( ) ,1, HGtu ns
t ∩T∈  whereas for large values of

t we get ( ) ( ) ,1, HGtu ns ∩Tσ∈  for a suitable constant ., τ≤σσ

Let us observe that for ,0≡f  or ( ( )) ,1 HGf nn ∩T∈  from Theorem

2.1 we deduce analyticity of the solution with respect to space and time
variables, for .0>t

3. Gevrey Hypoellipticity of Perturbations of Powers of the

Schrödinger Operator

This Section deals with the properties of hypoellipticity and Gevrey
hypoellipticity of perturbations of powers of the Schrödinger operator.
The main properties of the operators depend heavily on the lower order
terms of their symbol. In particular we consider the following class of
linear differential operators:

( ) ( ) ( )
( )
∑

∈

+−=
Ijl

j
y

l
xlj

p
xyyx DDyxbDDDDyxP

,

2 ,,,,, (3.1)

where 
x

iDx ∂
∂

−=  and ;
y

iDy ∂
∂

−=  with ,2,,, ≥∈ + pjlp Z  and C→Ω:ljb

are smooth functions. The subset of the indices I corresponding to lower
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order terms will be described in the sequel. The respective class of
symbols is the following:

( ) ( ) ( )
( )
∑

∈
ηξ+ξ−η=ηξ

Ijl

jl
lj

p yxbyxp
,

2 ,,,,, (3.2)

obtained from (3.1) by replacing the couple ( )ηξ,  to the couple of

derivatives ( )., yx DD  We denote by ( )yxz ,=  the real variables in ,Ω

open subset in ,2R  neighborhood of a point ( )ηξ=ζ ,;0z  the dual

variables of z.

To investigate (3.1), we follow closely the arguments in De Donno and
Oliaro [4], where the class of operators

( ) ( )
( )
∑

∈
<+−

Ijl

j
y

l
xlj

d
x

m
y mdDDyxbDyxaD

,

,,,

is studied in the anisotropic frame; also see De Donno and Rodino [5] about
isotropic case and pseudo-differential coefficients. Hypoellipticity and
solvability in [4], [5] depend only on lower order terms corresponding to a

unique couple ( ) 2, +
∗∗ ∈ Zjl  with 

2
1: −>+= ∗∗∗ mjl

d
mk  ,1( −>∗ mk

in the case of constant coefficients), such that ( ) .0,Im ≠∗∗ yxb
jl

 We also

obtained a sufficient condition for sG  hypoellipticity, 
( )1

1

−−
≥

∗ mk
s  in

[4], 
( )1−−

≥
∗ mk

dm
s  in [5] (cf. the definition of Gevrey spaces in (1.2)). On

the contrary, for P in (3.1), terms of much lower order may play a role,
see the next Theorem 3.1. It is also natural to allow more couples

( ),,
∗∗
ii jl  ,...,,1 ni =  to give the order .2 ∗∗∗ += ii jlk  The case of p-powers

of generic operators ( ( ) )d
x

m
y DyxaD ,−  shall be detailed in a future paper.

Let us observe that for operators of the form

( ) ,2 ∗∗
+− j

y
l
x

p
xy DiDDD (3.3)

we shall prove in this Section that ∗∗∗ += jlk 2:  varying in the interval
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( )pp 2,  is allowed if ;2≥p  while in the case 1=p  we obtained in [4],

[5] and [15] that the lower order terms have no influence.

We define the following sets for :20, pkk <<∈ +Q

( ){ }kjljlIk =+×∈= ++ 2:, ZZ

and fix ∗= kk  such that .2pkp << ∗  We use the notations −k  for all

+∗< kkk ,  for all .∗> kk  We define ,+− ∗= IIII
k
∪∪  with −=− k

II ∪

and .+=+ k
II ∪

In this Section we prove mS δρ,  estimates of (3.2) in order to obtain

hypoellipticity and Gevrey hypoellipticity of the class of operators (3.1).

In the plane ( )ηξ,  we consider the conic neighborhood { }ξ<η=Λ C

of the semi-axis ,0>ξ  for a suitable constant C; we observe that the

intersection of the half-plane 0<ξ  with the curve 02 =ξ−η  is empty.

We denote with Γ  the set ,Λ×Ω  and we state the following:

Theorem 3.1. Assume that ∗k
I  consists of couples ( ) ,...,,1,, nijl ii =∗∗

∗∗∗ += ii jlk 2  with pkp 21 <≤+ ∗  such that:

(i) ( ) ( )∑ = ≠ηΓ∈ζ≠ηξ
∗∗

∗∗
n
i

jl
jl

zallforyxb ii
ii1

;0,,,0,Im

(ii) ( ) 0, ≡yxblj  for all ( ) ( );2,, ∗>+∈ + kjlIjl
k

(iii) ( )∑ = ≥ηξ
∗∗

∗∗
n
i

jl
jl

pevenforyxb ii
ii1

,,0,Re

( )∑ = ≡ηξ
∗∗

∗∗
n
i

jl
jl

poddforyxb ii
ii1

.,0,Re

Then

( ) ,,,, 2
2
1

R×Ωζ≥ηξ
∗

inbyxp k

for a suitable constant ,0>b  and for all ( ) ( )21
2

21 ,,, ββ=β∈αα=α +Z
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2
+∈ Z  and for all Ω⊂⊂K  we have with suitable constants βα,L  and B

that:

( )
( ) ,,

,,,

,,,
,

121

BL
yxp

yxpDDD yx
>η+ξ≤

ηξ
ζηξ

βα

βδ−αρβ
ξ

αα

(3.4)

where

,0,
2

≥δ−=ρ
∗

p
pk (3.5)

for any .ρ<δ  Since we have assumed ,21 pkp <≤+ ∗  we have

.
2
1

2
10 <ρ≤<
p

Remark 3.2. By formula (3.4) and by Mascarello and Rodino [14,

Theorem 3.3.6], we have that an operator ( ),, zDzP  associated to the

symbol ( )ζ,zp  in (3.2), is ∞C -microlocally hypoelliptic in ;Γ  i.e.,

WFPu∩Γ  ,WFu∩Γ=  for all ( ),Ω′∈ Du  where WFu is the Hörmander

wave front set. A microhypoelliptic operator is hypoelliptic too.

Remark 3.3. If the coefficients are analytic, formula (3.4) holds for

,!!1 βα= +β+α
αβ LL  so by Kajitani and Wakabayashi [11, Theorem 1.9],

we have that an operator ( ),, zDzP  associated to the symbol ( )ζ,zp  in

(3.2) is sG -microlocally hypoelliptic in Γ  for ,1
1

1,1max
ρ

=






δ−ρ
≥s

that is, .2

pk

ps
−

≥
∗

As examples of operators satisfying Theorem 3.1, beside (3.3), we can
consider the following:

Example.

( ) ( ) ( ) ,1,,, 222 lhp
y

l
x

p
xyyx DDyiDDDDyxP −+++−=

having .11, −≤≤+=∗ phhpk  They are hypoelliptic and sG  hypoelliptic

for 
h
ps 2≥  in a neighborhood of the origin.
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Example.

( ) ( ) ( ( )) ( ) ,11,,, 32224242
xyxyxxyyx DxDDyixDDiyDDDDyxP ++++++−=

where ,6=∗k  the imaginary part is given by ( ( ) ) 01222 ≠ξ++ηξη yy  in

,0, =/ηΛ×Ω  with Ω  neighborhood of the origin and ;0>ξ  and we also

have ( ( ) ) .01222 ≥ξ++ηξ xx  We obtain hypoellipticity and sG

hypoellipticity for .4≥s

Remark 3.4. When ,1<ρ  and ,0>δ  one can prove by means of

interpolation theory as in Wakabayashi [22, Theorem 2.6] that (3.4) is

valid for any ( ) ,, 4
+∈βα Z  if (3.4) holds for .1=β+α  Hence it is

sufficient to verify (3.4) for 1=β+α  since we can consider 0>δ  in

Theorem 3.1.

Proof of Theorem 3.1. First we estimate the numerator of (3.4) and

then we give some lemmas to estimate the denominator, see Lemma 3.5,

3.7 and 3.8. In view of hypothesis (ii) in Theorem 3.1 we have ,0≡+I  so

for ,11 =α  we get

( ) ( )
( ) ( )

;,,,
,

1
,

δ−

∈

δ−

∈

δ− ζ















ηξ≤ζηξ=ζζ ∑∑

−∗−∗ IIjl

jl

IIjl

jl
ljxx

kk

LyxbDyxpD
∪∪

and similarly for 12 =α

( )
( )

,,,
,

2
δ−

∈

δ− ζ















ηξ≤ζζ ∑

−∗ IIjl

jl
y

k

LyxpD
∪

for suitable constants ., 21 LL  If ,11 =β

( )
( )

;,,
,

112
3

ρ

∈

−−ρ
ξ ζ
















ηξ+ξ−η≤ζηξ ∑

−∗ IIjl

jlp

k

LzpD
∪

and for 12 =β
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( )
( )

,,,
,

112
4

ρ

∈

−−ρ
η ζ
















ηξ+ηξ−η≤ζηξ ∑

−∗ IIjl

jlp

k

LzpD
∪

with suitable constants ., 43 LL

To prove (3.4), it will be then sufficient to show the boundedness, for

,B>ζ  of the functions

( )
( )

( ) ,
,

,
,

1 ζ







ηξ

=ζ
∑

−∗∈

zp
zQ

IIjl
jl

k
∪

( )
( )

( ) ,
,

,
,

12

2 ζ

ζ





ηξ+ηξ−η

=ζ

ρ
∈

− ∑
−∗

zp
zQ

IIjl
jlp

k
∪

( )
( )

( ) .
,

,
,

112

3 ζ

ζ





ηξ+ξ−η

=ζ

ρ
∈

−− ∑
−∗

zp
zQ

IIjl
jlp

k
∪

First we introduce three regions in the plane ( ) :, ηξ

ξ≤η≤ξ CcR 2
1 :

ξ≥η CR 2
2 :

,: 2
3 ξ≤η cR (3.6)

for suitable constants Cc,  satisfying the inequalities ,
2
1<<c  and

,2>>C  cf. [4, 5].

The following estimates then hold:










∈ζξ
∈ζη
∈ζη

≤ζ
δ−

δ−

δ−

δ−

;,.const

,.const

,.const

3

2

1
2

R

R

R

(3.7)
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and










∈ζξ
∈ζη

∈ζη

≤ζ
ρ

ρ

ρ

ρ

.,.const

,.const

,.const

3

2
2

1
2

R

R

R

(3.8)

By abuse of notation, in the following we shall also denote by 321 ,, RRR

the sets ;,, 321 RRR ×Ω×Ω×Ω  recall that .Λ×Ω=Γ

The following three lemmas give us some relevant estimates from the

below of ( )ζ,zp  in (3.2).

Lemma 3.5. Let ( )ζ,zp  be the function (3.2), such that (i), (ii) and (iii)

in Theorem 3.1 hold. Then there are positive constants ,,11 BK <  such

that, for ( ) .,, 1 BRz >ζ∈ζ

( ) ( ) ( ) .,Im,
2
1

2

1

22
1





























ηξ+ξ−η≥ζ ∑

=

∗∗
∗∗

n

i

jl
jl

p ii
ii

yxbKzp (3.9)

Proof. We have that

( ) ( ) ( )
( )

2

,
22 ,Re, 





ηξ+ξ−η=ζ ∑

−∗∈ IIjl
jl

lj
p

k

yxbzp
∪

( ) ( )
( )

.,Im,Im
2

,1






 ηξ+ηξ+ ∑∑

−

∗∗
∗∗

∈= Ijl
jl

lj
n

i
jl

jl
yxbyxb ii

ii
(3.10)

By developing (3.10) and removing the terms

( )
( )

2

,

,Re















ηξ∑

−∗∈ IIjl

jl
lj

k

yxb
∪

  and  ( )
( )

2

,

,Im 











ηξ∑

−∈Ijl

jl
lj yxb

respectively from the real and imaginary part of ( ),, ζzp  we can write

( ) ( ) ( ) ( ),,,Im,
3

1

2

1

222 ∑∑
==

ζ+












ηξ+ξ−η≥ζ

∗∗
∗∗

i
i

n

i

jl
jl

p zJyxbzp ii
ii
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where

( ) ( ) ( )
( )
∑

∗
∗∗

∗∗
∗∗

∈

ηξξ−η=ζ

kii

ii
ii

Ijl

jl
jl

p yxbzJ

,
,

2
1 ,Re2, (3.11)

( ) ( ) ( )
( )

∑ ∑
= ∈ −

∗∗
∗∗ ηξηξ=ζ

n

i Ijl

jl
lj

jl
jl

yxbyxbzJ ii
ii

1 ,
2 ,,Im,Im, (3.12)

( ) ( ) ( )
( )
∑

−∈
ηξξ−η=ζ

Ijl

jl
lj

p yxbzJ
,

2
3 .,Re2, (3.13)

The function (3.11) is non-negative by hypothesis (iii). Let us fix attention

on ( )ζ,2 zJ  and ( )ζ,3 zJ  defined respectively by (3.12) and (3.13). We

have for all 0>ε

( ) ( ) ( ) ,,Im
2
1,,Im

2
1

2

1
2

2

1












ηξ


 ε−≥ζ+












ηξ ∑∑

==

∗∗
∗∗

∗∗
∗∗

n

i

jl
jl

n

i

jl
jl

ii
ii

ii
ii

yxbzJyxb

in .,1 BR >ζ  In fact by (3.6) in 1R  and hypothesis (i) in Theorem 3.1,

for all 0>ε  we get for B sufficiently large

( )

( ) ( )
∑

∑ −
∗

∗

∗∗
∗∗

∈

++

=

>ζε<
η

η
≤







 ηξ

ζ

Ijl
k

jlk

n

i
jl

jl

B

yxb

zJ

ii
ii

,
2

2

2

1

2 .,.const

,Im

,

We remark that .22 jlkjlk +=>+= −∗∗∗  Concerning (3.13) we also

have that:

( ) ( ) ( )ζ+











ηξ+ξ−η ∑

=

∗∗
∗∗ ,,Im

2
1

2
1

3

2

1

22 zJyxb
n

i

jl
jl

p ii
ii

( ) ( )




















ηξ+ξ−η


 ε−≥ ∑

=

∗∗
∗∗

2

1

22 ,Im
2
1

n

i

jl
jl

p ii
ii

yxb

in ,,1 BR >ζ  since
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( )

( ) ( )
.,

,Im

,
2

1
22

3 B

yxb

zJ

n

i
jl

jl
p ii

ii

>ζε<






 ηξ+ξ−η

ζ

∑ =

∗∗
∗∗

(3.14)

In fact, considering the curves ( ) 21 η−=ξ r  in the plane ( ) ,1,, <ηξ r

we obtain by (3.6) in 1R  that the left part of (3.14) is estimated by

( )( )
∑ ∑

− −
∗

∗

∗
∈ ∈

−

−++++
>η+ε<

+η

η
≤

η+η

η

Ijl Ijl pkp

kjlpp

kpp

jlpp
Bt

t

t

r

r

, , 224

222

242

22
,, (3.15)

where ,
1
r

t =  by dividing for ;
∗

ηk  since .∗− < kk  Recall that:

For all 0>ε  there exists 0>εB  such that for ,ε>+ Byx

ε<
+ νγ

βα

22 yx

yx  if and only if ( ) ( ) .22 αβ>β−να−γ

For ,1≥r  in ,1R  we have

( )
∑

−
∗

∗

∈

++−
−

−++
ε<η≤

+η

η

Ijl

jlp

pkp

kjlpp

t

t

,

22

224

222
,  since .2pk <− (3.16)

Then

( ) ( ) ( ) .,,Im,
2
1

2

1

22
1 ByxbKzp

n

i

jl
jl

p ii
ii

>ζ





























ηξ+ξ−η≥ζ ∑

=

∗∗
∗∗ (3.17)

for a suitable positive constant .1K

Remark 3.6. From the previous estimate (3.17) follows easily that

( ) ., 2
1 ∗

ζ≥ζ kzp

Lemma 3.7. Let ( )ζ,zp  be the function (3.2). Then there are positive

constants ,,12 BK <  such that:

( ) ( ) .,,,, 2
2

2 BRzKzp p >ζ∈ζη≥ζ (3.18)
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Lemma 3.8. Let ( )ζ,zp  be the function (3.2). Then there are positive

constants ,,13 BK <  such that:

( ) ( ) .,,,, 33 BRzKzp p >ζ∈ζξ≥ζ (3.19)

For the proofs of Lemma 3.7 and Lemma 3.8 see De Donno and

Rodino [5] concerning similar operators, the present case actually does

not involve more complications.

By the relations (3.6), (3.7) and (3.8), and the inequality ≤ξ−η2

,2 ξ+η  we easily estimate the numerators ,3,2,1, =iNi  of ,iQ  in

the regions 2R  and 3R  in the following way:

( )






∈ζξ

∈ζη
≤ζ

δ−+

δ−+

;,.const

,.const

32
1

2
2

1
R

R
N

jl

jl

(3.20)

( )






∈ζξ

∈ζη
≤ζ

ρ+−

ρ+−

;,.const

,.const

32
1

2
212

2
R

R
N

p

p

(3.21)

( )
( )







∈ζξ

∈ζη≤ζ ρ+−

ρ−−

.,.const

,.const

3
1

2
122

3
R

R
N p

p
(3.22)

We have ( ) ( )ζ≤ζ ,, 23 zNzN  in 2R  and ,3R  so we can just consider the

functions ( )ζ,1 zN  and ( )ζ,2 zN  in those regions. Now Lemma 3.7,

Lemma 3.8 and the estimates (3.20) and (3.21) show the boundedness of

( )ζ,1 zQ  and ( )ζ,2 zQ  in the regions 2R  and 3R  since in (3.5) always it

is ;
2
1<ρ  so for ( ),,3 ζzQ  too. For ( )ζ,1 zQ  in 1R  we have immediately

boundedness since we apply Remark 3.6, formula (3.8) in ,1R  recalling

that in ( ) −∗∈ IIjlQ
k
∪,,1  with .0≥δ

Regarding 2Q  and 3Q  in the region ,1R  we observe that ξ−η2

vanishes in it, so estimates of the previous type are not optimal.

For ,2Q  by (3.6), (3.8) and (3.9) we get easily:
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( )

( ) ( )
2
1

2

1
22

2112

2

,Im

.const,

















 ηξ+ξ−η

ηξ−η
≤ζ

∑ =

ρ+−

∗∗
∗∗

n

i
jl

jl
p

p

ii
ii

yxb

zQ

 ( )
( )
∑

−∗
∗

∈

ρ+−+
>ζΩ∈≤

η

η
+

IIjl k

jl

k

ByxL
∪,

212
.,,,

The second term in the right-hand side is bounded since 
2
1<ρ  by (3.5).

About the first term we can argue in the same way we have done in

Lemma 3.5, see formulas (3.14), (3.15) and (3.16), obtaining .
2p

pk −≤ρ
∗

The study of the boundedness of the functions ( )ζ,3 zQ  in the region

1R  actually does not involve further complicated statements, so arguing

like the previous step and using the estimates (3.5) on ρ, we have proved
that ( ) 3,2,1,, =ζ izQi  is also bounded in .1R

 The following Remark ends the proof:

Remark 3.9. By formulas (3.9), (3.18) and (3.19), we obtain that

( ) ≥ζ,zp .,0,2
1

Bbb k >ζ>ζ
∗

 In fact we obtain that ( ) ≥ζ,zp

∗
η k.const  in ,1R  then ( )

∗∗∗∗∗
ξ+η≥η+η=η kkkkk 2

1
.const

2
1

2
1

( +η≥
∗k2

1
.const ) ,.const~ 2

1
2
1 ∗∗

ζξ kk  so ( ) ., 2
1 ∗

ζ≥ζ kbzp  In the same

way we get ( ) pbzp ζ≥ζ,  in 2R  and ,3R  the result follows since we

have .2pk <∗

4. Gevrey Local Solvability for the Square of the Schrödinger
Operator with a Nonlinear Perturbation

In this Section we consider the following equation:

( ) ( ) ( ),,;, 42
22 yxfuyxFuDD jl

j
y

l
xxy µ=|∂∂+− <+ (4.1)
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where ( ) ,,;, 6C∈zyxF  is a nonlinear function. Before giving the main

result let us recall that, given an open set ,2R⊂Ω  the Gevrey

anisotropic space ( )( ) ,1,1, 21
, 21 ≥λ≥λΩλλG  is the set of all ∞C

functions such that for every compact set Ω⊂K  there exists a positive

constant KC  satisfying ( ) 21 !!,sup 1 λλ++≤∂∂ jlCyxf jl
K

j
y

l
xK  for every

., +∈ Zjl  As standard ( )( ) ,1,, 21
,

0
21 >λλΩλλG  is the set of all the

functions in ( )( )Ωλλ 21,G  with compact support in .Ω

We shall prove the following result.

Theorem 4.1. Let us fix ( ) .1,41,, 2121 >λ<λ<λλ=λ  We suppose

that the datum f in (4.1) is in ( ) {( ) }.:,:, 222
0 δ<+∈=ΩΩ δδ
λ yxyxG R

Moreover, rewriting ( )zyxF ;,  as ( )zzyxG ℑℜ ;;,  and setting ( )zzw ℑℜ= ,

we suppose that:

( ) ;00;, =yxG

( ) ( )δλ Ω∈ GwyxG 0;,  for every ;12
0 R∈w

( ) ( ),;, 12
00 Rσ∈ GwyxG  for every ( ) .4,, 00 <σΩ∈ δyx

Then the semilinear equation (4.1) admits a classical solution in ,δΩ

for δ and µ sufficiently small.

Remark 4.2. Arguing in the isotropic case we have from the previous

theorem the ε−4G  local solvability of (4.1) for every .0>ε

We want now to recall the definition of a class of Gevrey-Sobolev
spaces on the strip ( ) .0,, >δδδ−×R  These spaces have been studied in

the isotropic form by Gramchev and Rodino [9] and then generalized to
the anisotropic case in Marcolongo and Oliaro [13], see also De Donno and

Oliaro [4]. To start with, let us recall that the space ( )( ),, δδ−×Rs
pH

sp ,1<  integer, is the set of the 2L  functions satisfying

( ) ( ) ( )∑ ∫ ∫
=

δ

δ−

∞

∞−

− ∞<ξξξ+=
s

k

k
y

ksp

H
dydyfDyxf s

p 0

222 ,,
~

1:, (4.2)
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where ( ) ( )∫ ξ−=ξ dxyxfeyf ix ,,
~

 is the Fourier transform of f with

respect to x. This definition extends to every 0>s  by interpolation. We

fix now 0,1,0 >τ<> ps  and ,
2
1 ε+=r  for a fixed (arbitrarily small)

ε; we set .1
p

q =

Definition 4.3. Let us suppose that ( )ξψ ,y  is a positive function

belonging to the Hörmander class ( )( ).,0,1 R×δδ−prS  We define the Gevrey-

Sobolev space ( )( )δδ−×ψ
τ ,,

,, RHs
rq  as the set of all functions ( ×∈ R2Lf

( ))δδ− ,  such that qsf ,  is finite, where

( ) ( ) ( )( );,: ,
,

, δδ−×
τψ= Rs

p
x

H
Dy

qs yxfef (4.3)

the operator ( )xDye ,τψ  acts on the function f in the following way:

( ) ( ) ( ) ( )∫ ξξ
π

= ξτψξτψ .,
~

2
1

, ,, dyfeeyxfe yixDy x

Observe that the operator ( )xDye ,τψ  and its inverse ( )xDye ,τψ−

establish an isometry between Hilbert spaces:

( ) ( )( ) ( )( )δδ−×→δδ−×ψ
τ

τψ ,,: ,
,,

, RRH s
p

s
rq

Dy He x (4.4)

( ) ( )( ) ( )( ).,,: ,
,,

, δδ−×→δδ−× ψ
τ

τψ− RHR s
rq

s
p

Dy He x (4.5)

In the next theorem we summarize the most important properties of

( )( ).,,
,, δδ−×ψ

τ RHs
rq

Theorem 4.4. Let us suppose that the function ( )ξψ ,y  satisfies the

condition

( ) ( ) ( ) { }rqqbyyy 1
2

1
212211 1,1min,,, ξ+ξ−ξ+−≤ξψ−ξ−ξψ−ξψ (4.6)

for a constant .0>b  Then there exists 0lga >s  such that, for every ,lgass >

ψ
τ
,

,,
s

rqH  is an algebra.
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Let us fix .1,1 21 >λ<λ<
r
q

 Let ( ) ( )( ).,21,
0 δδ−×∈ λλ RGf  Then, for

every function ψ  satisfying the assumptions of Definition 4.3 for every

0>τ  and 0≥s  we have that ( )( ).,,
,, δδ−×∈ ψ

τ RHs
rqf

Let us consider now the linear part of the equation (4.1) ( += 2
yDP

) :2
xD  we want to analyze the following operator:

( ) ( ),~ ,, xx DyDy PeeP τψ−τψ= (4.7)

where we choose from now on ( ) ( ) ϕξξϕ







δ
+=ξψ ,

2
1, 2ry

y  being a ∞C

function satisfying ( ) 10 ≤ξϕ≤  for every ( ) 0, ≡ξϕξ  for ( ) 1,
2
1

≡ξϕ≤ξ

for 1≥ξ  (observe that ( )ξψ ,y  satisfies (4.6)). The next proposition

then follows from the results of De Donno and Oliaro [4].

Proposition 4.5. The symbol of the operator ( )( −τψ 2,
y

Dy De x

) ( )xDy
x eD ,τψ−  is given by:

( ) ( ) ( ),,,,1
22 ηξ+ηξξϕ

δ
τ

+ξ−η ν−+ yxpi r
r (4.8)

where ( )ηξν−+ ,,,1 yxp r  satisfies the following estimates in a neighborhood

Γ  of the set {( ) ( ) } Γ=ξ−η∈ηξ=∑ ,0:0,0\, 22R  being of the form =Γ

{( ) ( ) } :1,:0,0\, 0
2

0
21

0
2 >η≤ξ≤η∈ηξ − cccR

( ) ( )( ) ,1,,, 2121
1

hkr
ljhkr

hkj
y

l
x CyxpDDDD −−ν−+

ν−+ηξ η+ξ+≤ηξ

for every .,,, +∈ Zhkjl

The results in De Donno and Oliaro [4] assure us that the operator
( )( ) ( )xx Dy

xy
Dy eDDe ,2, τψ−τψ −  is ∞C  microlocally hypoelliptic in ,Γ  in

particular, denoting its symbol by ( ),,,, ηξyxq  we have:

( ) ( ) ,,,, 121 rcyxq +η+ξ≥ηξ
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( ) ( ) ( ) ( )( )

( ) ,
,,,

,,, 21221

ljkh

jlrhkrhkj
y

l
x L

yxq

yxqDDDD
≤

ηξ
η+ξηξ +−−+

ηξ

for every +∈ Zhkjl ,,,  and .0>>η+ξ

Now we observe that, since ( ) ( ) ( ) ( ) Ideeee xxxx DyDyDyDy == τψτψ−τψ−τψ ,,,,

we can write ,
~
P  cf. (4.7), in the following way:

( ( )( ) ( )) ( ( )( ) ( )).~ ,2,,2, xxxx Dy
xy

DyDy
xy

Dy eDDeeDDeP τψ−τψτψ−τψ −−= (4.9)

So we can apply Proposition 4.5 to the two factors in the right hand

side of (4.9), obtaining that the symbol of the operator P
~

 equals, modulo

lower order terms, the square of the (microlocally hypoelliptic in )Γ

symbol (4.8). Then we can construct a microlocal parametrix of P
~

 in .Γ

Since outside Γ  the operator P
~

 is microlocally quasi-elliptic, a standard
technique of patching together the microlocal parametrices in Γ  and
outside Γ  (cf. Gramchev and Rodino [9], Marcolongo and Oliaro [13]),

gives us a parametrix E
~

 of P
~

 in the space ( )( ) :,21 δδ−×RsH

( )( ) ( ) ( )( ),,,:
~ 12

2121 δδ−×→δδ−× ++ RR rss HHE

with

( ) ,
~

,~~~
uRuyxuEP +χ=

where ( ) 1,~ ≡χ yx  in a neighborhood of ( )0,0  and R
~

 is a regularizing

operator in ( )( ).,21 δδ−×RsH  Then by (4.4), (4.5) and (4.7) we have the

following result.

Proposition 4.6. There exists a linear map

( )( ) ( ) ( )( )δδ−×→δδ−× ψ++
τ

ψ
τ ,,: ,12

,2,
,

,2, RHRH rs
r

s
rE

such that

( ) ,, RuuyxPEu +χ=
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where ( ) ( )( ) ( ) 1,,1,
2

1,, 21
,

0
21 ≡χ>λ<λ<Ω∈χ δ

λλ yx
r

Gyx  in a neighborhood

of the origin, and R is a regularizing operator in the space .,
,2,
ψ

τ
s

rH

The nonlinearity can be treated with the technique developed by
Bourdaud et al. [1]. The following proposition holds, cf. De Donno and
Oliaro [4], Oliaro and Rodino [16].

Proposition 4.7. Let us consider the nonlinearity in (4.1); we write

for shortness ( ) ( ( ) ( )) .,,, 42 <+|∂∂ℑ∂∂ℜ= jl
j
y

l
x

j
y

l
x uuyxGuJ  We take ( ) ⊂∈Bxu

( )( ),,,
,2, δδ−×ψ

τ RHs
r  where B  is bounded in .,

,2,
ψ

τ
s

rH  Then we can find a

continuous non-decreasing function ( ) ( ) ( ) ,00,,0,0: =Φ∞+→∞+Φ  such

that

( ) ( );2,32, +Φ≤ ss uuJ (4.10)

moreover, if B∈vu,  we have:

( ) ( ) 2,32, +−≤− ss vuCvJuJ B (4.11)

for every .algss >

We can now prove the solvability of (4.1).

Proof of Theorem 4.1. Let us fix the datum .,
,2,
ψ

τ∈ s
rf H  Using

Proposition 4.6 and arguments as in Gramchev and Popivanov [7], see
also Gramchev and Rodino [9], Marcolongo and Oliaro [13], De Donno
and Oliaro [4], we can find a positive, continuous, non-decreasing

function [ ] [ ),,0,0: 0 ∞+→δL ( ) 00 =L  such that, defining

( )

( )

,sup:
2,

2,3

0
,

,2,

s

s

v

v
s v

Ev

s
r

+

Ω∈
≠

δ
ψ

τ

=δ

H

A     ( )

( )

,sup:
2,

2,

0
,

,2,

s

s

v

v
s v

Rv

s
r δ

ψ
τ Ω∈
≠

=δ

H

B

we have ( ) ( ) ( ) ( )., δ≤δδ≤δ LBLA ss  We are looking for a solution of the

form ,Evu =  so the equation (4.1) becomes ( ) ( )( ) ( ),,, yxfyxvxv µ+= Q

where ( )( ) ( ) ( ( ( )( )) ( ( )( )) .,,,;,,:, 42 <+|∂∂ℑ∂∂ℜ−−= jl
j
y

l
x

j
y

l
x yxEvyxEvyxGyxRvyxvQ
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We then have to find a fixed point of the operator ( ) ;f+⋅Q  we choose δ

and µ such that the following conditions are satisfied:

( ) ( ) ( ( ) ( )) 111 2,2, ≤µ+δΦ+µ+δ ssss ff AB (4.12)

( ) ( ) ,1<δ+δ BCss AB (4.13)

where ( )⋅Φ  and BC  are the ones of Proposition 4.7, { ( )δ
ψ

τ Ω∈= ,
,2,: s
rw HB

}.1: 2, ≤µ− sfw  Now, by (4.10) and (4.12) we have that ( ) ;: BB →+⋅ fQ

moreover (4.11) and (4.13) imply that ( ) f+⋅Q  is a contraction. We then

obtain a solution as an application of the Fixed Point Theorem in the

Banach space .B  Taking s sufficiently large the solution is classical. By

Theorem 4.4 and since ,
2
1 ε+=r  with ε arbitrarily small, we obtain the

solvability of (4.1) for ( ).0 δ
λ Ω∈ Gf
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