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PART 1
BACKGROUND

Calabi conjecture (volume form) -1

Let (M*, J,w) be a compact Kihler surface, so that
e J is an integrable complex structure,
e w is a symplectic form so 0 # [w] € H*(M,R).

Fix a smooth function F' normalized so that

/er2: /w2:2volM.
M M

Theorem [Calabi, Aubin, Yau] There is a unique Kahler
2-form @ such that

This problem still makes sense on an almost-Kdhler
4-manifold when J is non-integrable.



The Kodaira-Thurston manifold -2

M* = C?/T' is a natural example arising from the
classification of complex surfaces.

Here, C* = H x R is a nilpotent group, whereas
r=I"x%Z

is a discrete subgroup acting holomorphically and
preserving the symplectic form dz; A dzs.

T?=Zy x S" acts freely on M with quotient T?:
M~ T\HxZ\R = M x S
™l
T2
bi(M) = 3, so M cannot admit a Kdhler metric.

[K] K.Kodaira, Amer. J]. Math. 86, 1964
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linearly independent over R. Hence the restriction to C of dw, is a non-
vanishing holomorphic 1-form and its periods B;, 8. are linearly independent
over R. Consequently the representation B: G— E(G) is an isomorphism.
R(@) is a properly discontinuous group of affine transformations without
fixed point of €C? and the quotient space C?*/R(G) is a (compact complex
analytic) surface. dw, A dw, is a holomorphic 2-form on § which does not
vanish identically, while the canonical bundle of § is trivial. Hence dw, A dw.
does not vanish at each point of S. Therefore the pair of holomorphic func-
tions w, and w, defines a locally biholomorphic map p of W into €2 The
map p induces a locally biholomorphic map of S=W/G into C?*/R(G)
which is surjective in view of the compactness of S. Hence p is surjective
and biholomorphic. Consequently S is complex analytically homeomorphic
to €?/R(@). Thus we obtain the following )

TuEOREM 19. Let S be a surface. If the canonical bundle of S is
trivial, then S is a K3 surface, a complex torus or an elliptic surface of the
form €?/@Q, where C* is the space of two complex variables (24,2,) and G 1is
a properly discontinuous group of affine transformations without fized points
of €* which leave invariant the 2-form dz, )\ dz.. The first homology group
of the elliptic surface C*/G 1is

H(C}/)RLZ)=2DZDZD Z,,
where Z,, denotes a cyclic group of a finite order m.

TurorEM R0. Assume that the first Betti number by of S 1s even and
the geometric genus p, of S is positive. If the first Chern class ¢, of S
vanishes, then S is either a K3 surface or a complex torus.

Proof. In case S has no meromorphic function except constants, S is,
by Theorem 11, either a K3 surface or a complex torus, since the vanishing
of ¢, implies that § contains no exceptional curve. We may assume therefore
that § is either algebraic or elliptic. Since p, is positive, § has an effective
canonical divisor K. In view of the above Theorem 19, it suffices for our
purpose to prove that K is zero. Since ¢, vanishes, K is homologous to zero.
‘To prove that K is zero, it suffices therefore to show that every positive
divisor on § is not homologous to zero. This is obvious if S is algebraic.
Hence it suffices to consider the case in which § is a non-algebraic elliptic
surface.

Let A denote the base curve of the elliptic surface S and let {&;} be a
finite covering of A by small disks ;. Since b, is even, there exists a




Left-invariant forms 1-3

The standard Riemannian metric g on M has a global
basis of orthonormal 1-forms

et =dr, e=dy, € =dz—zxdy, €'=.dt.
where z,y are coordinates on 7 (M) = T2
As regards 2-forms, a basis
Wl = el2 1 o3t
W2 = o134 22
W = el e,

of the subspace A2T*M gives rise to a triple

of almost-complex structures with J,=J,.Js.



Spheres and moments -4

Lemma [Rend. Parma 17, 1991]

On any Riemannian 4-manifold,

(a) Jo, J3 integrable = J; integrable

(b) J2, J;3 symplectic = J; integrable

(c) Ji integrable, .J, symplectic = J3 symplectic

A

Here (b),(c) apply: J; is integrable and @ =wy+iw; is
closed. Moreover, m: M — T? is a ‘moment map":
0

d(x+iy) =i—w.
(z+1y) el



PART II
SPECIAL FEATURES

Deforming the 2-form m-1

M continues to denote the Kodaira surface.

Fix attention on the almost-complex structure J=Js.
Any T“*-invariant 2-form, cohomologous to w = ws,
compatible with J, equals

4 .
W =w+da, a=>_ filz,ye"
i=1

Then + _
4 | 0 a(et?—e)
da = Y dfine’ = 0 blel—e®2)
i—1 14 23
f4,x€ + f4,y6

with a = f3—fo,.+f1, =0, b= fi,=f3., and

e =% w* = (14 faa)(1+ fs,) — b7




Negative chords -2

Proposition [D] Any solution of

compatible with J is unique.
Proof. Given two such solutions @ and &'=0+dg,
0 = (0')? = 20NdB+dB*=0
= TAdG =0,

where 7 = w+&’ is also compatible with .J. Relative
to the associated metric,

dB € NX2T"M

(so the ‘chord’ joining the two solutions is negative).
By Stokes’

OZ/MdﬁAdﬁ:—/Mum?T? = dB =0,

[D] S.K.Donaldson, in Inspired by S.S.Chern, World Sci. 2006



The new metric -3

is defined by w(-, «) =g(J -, *).

Write R* =V @ JV where V = (ey, e5) = T'(base T?).
Relative to this splitting and basis,

. (X 0
g_OX7

x=(EE) = (the )
F G f3,x 1_|_f3,y
resembles the first fundamental form of a surface.
Thus

where

u= trX = %tr§:2+f47x+f3,y
e = det X = (14 fu.)(1+f3,) _f32,x°

A second ‘fundamental matrix’ is

W U
Hessu = R
Ugzy Uyy



Laplacian versus mean curvature Il -4

Lemma [TW]

- 4 . O?
Au = > g¥ i

ij=1 6372637]

= tr (X ~!Hess u) , by T? invariance

= et [<1+f3,y>ua:x — 2f3.2Uzy + <1+f4,93>uyy}

= AF + > p(X 'Hess f}),
k=2,4
where p(Y) = (trY)? — 2det Y

WV

AF.

The crucial (and elegant) step is the penultimate one.
We next explain how this leads to the

Theorem [TW] Any solution of @?/w?=e" satisfies

sup [|u|| < inf AF.
M M



PART III

GENERAL THEORY
Sobolev and parts I -1
lall?y, = w0, < )
[l
M
— / d(uP'?) A Jd(u?'?) Aw
M

~ / w d(u?’?) A Jd(uP'?) N
M
= —ip/ uPd(Jdu) AN@
M
= —%p/ up(Au)cDQ
M

S pfww? = plul,
M



A uniform bound -2

F

Theorem [TW] Any solution of @?=c"w?* satisfies

sup ||ul]] < inf AF.
M M

Proof. The previous inequality (to the 1/p) is
lull o, S @40) Pl

L2p ~

Iterating from p = 1,

k
HUHLQk S 2/{:/2.”41/421/2”“””
= 4full,
Hence,
ullg S llull, = [ we?
= [ 2wA(w+da)
M



The continuity method I - 3

Fix ' € C>(T?%) with [w? = [e"w?. Set

¢, = [w?/ [e"w?,

and
0? = ¢ ettw?
T =<tel0,1]: " ! is solvable in |0, ]
W) = lwl

Existing results in the literature will establish that .7
is both open and closed. Therefore .7 =|0, 1].

We will have solved the original problem

w? = ef'w?, (0] =[w]

with a 7% invariant ©.



Closure I — 4

Theorem [W] .7 is closed.

Idea of proof. Recall that
o dlco S 111 o
independently of ¢.

First one establishes a Holder bound
O, [l e < A4,

for some « € (0,1). Bounds on the derivatives
H(th”Ok < Ak?

follow for each k > 1.
[W] B.Weinkove, JDG 76, 2007

To some extent this follows Yau’s original proof of
the Calabi conjecture.

[Y] S-T. Yau, CPAM, 1978
[J] D.D. Joyce, OUP books, 2000, 2007



Openness I -5

Proposition [D] .7 is open.

Idea of proof. Based on the elliptic complex

*+d+

d
AVTE A A2

modulo harmonic forms, and the implicit function
theorem. Crucial to four dimensions.

Given a solution with ¢ = t;, we can first solve the
volume equation with (@ ] € H", where

+ -
H*M,R)=H"®o H = [;2] [;3_642]
w]=[ws] | [e"—e”]

In fact, [, ] = |w].



PART IV
RICCI TENSORS

Calabi conjecture (Ricci form) V-1

Let (M, J,w) be a compact Kéhler surface. Its Ricci
form B
p = —10dlog(det g,3)

represents minus the curvature of the canonical line
bundle k=A*"M, and 2mc;(M)=|p]. Moreover,

O Jw? =e" = log(det g,3)—log(det g,5) = F
= p—p=—i00F
Working backwards,

Theorem A 2-form p satisfying [p] = [p] is the Ricci
form of a unique Kéahler form @ = w+:00¢.

If ¢;(M)=0, we ‘obtain” Ricci-flat metrics on M .



Assigning Ricci IV -2

Let M be the Kodaira surface with J=.5. The Ricci
and xRicci tensors of (M, g, .J) are non-zero [Al.

Consider instead the ‘Chern” connection which has
Vw =0 = VJ, and torsion 2-forms in (w;,ws). Its
Ricci form Ric(w, J) is minus the curvature of (J),
now spanned by @ = w;+iws.

Example Ric(w,J) =0, since Vo= —ie! ® w for w.
This time, starting from zero Ricci tensor, we obtain

Theorem [TW] Given I’ € C*°(T7), there exists a 1"
invariant symplectic form w compatible with J such
that

Ric(@, J) = dJdF

[A] E. Abbena, BUMI 3, 1984



