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PART I
BACKGROUND

Calabi conjecture (volume form) I – 1

Let (M 4, J, ω) be a compact Kähler surface, so that
• J is an integrable complex structure,
• ω is a symplectic form so 0 6= [ω] ∈ H2(M, R) .

Fix a smooth function F normalized so that
∫

M

eFω2 =
∫

M

ω2 = 2 vol M.

Theorem [Calabi, Aubin, Yau] There is a unique Kähler
2-form ω̃ such that

ω̃2 = eFω2, [ω̃]= [ω]

This problem still makes sense on an almost-Kähler
4-manifold when J is non-integrable.



The Kodaira-Thurston manifold I – 2

M 4 = C2/Γ is a natural example arising from the
classification of complex surfaces.

Here, C2 = H × R is a nilpotent group, whereas

Γ = Γ′ × Z

is a discrete subgroup acting holomorphically and
preserving the symplectic form dz1∧dz2 .

T 2 =ZH × S1 acts freely on M with quotient T 2 :

M ∼= Γ′\H × Z\R ∼= M ′ × S1

π


y

T 2

b1(M) = 3, so M cannot admit a Kähler metric.

[K] K.Kodaira, Amer. J. Math. 86, 1964





Left-invariant forms I – 3

The standard Riemannianmetric g onM has a global
basis of orthonormal 1-forms

e1 = dx, e2 = dy, e3 = dz − xdy, e4 = dt.

where x, y are coordinates on π(M) = T 2.

As regards 2-forms, a basis

ω1 = e12 + e34

ω2 = e13 + e42

ω3 = e14+e23,

of the subspace Λ2
+T ∗M gives rise to a triple

J1

J2

J3,

of almost-complex structures with J1 =J2J3 .



Spheres and moments I – 4

Lemma [Rend. Parma 17, 1991]
On any Riemannian 4-manifold,
(a) J2, J3 integrable ⇒ J1 integrable
(b) J2, J3 symplectic ⇒ J1 integrable
(c) J1 integrable, J2 symplectic ⇒ J3 symplectic

Here (b),(c) apply: J1 is integrable and ̟=ω2+iω3 is
closed. Moreover, π: M → T 2 is a ‘moment map’:

d(x+iy) = i
∂

∂t
y ̟.



PART II
SPECIAL FEATURES

Deforming the 2-form II – 1

M continues to denote the Kodaira surface.

Fix attention on the almost-complex structure J =J3.
Any T 2 -invariant 2-form, cohomologous to ω = ω3,
compatible with J, equals

ω̃ = ω + dα, α =
4

∑

i=1

fi(x, y)ei.

Then

dα =
4

∑

i=1

dfi∧ei =

+ −
0 a(e12−e34)
0 b(e13−e42)

f4,xe
14 + f4,ye

23

with a = f3−f2,x+f1,y = 0, b = f4,y =f3,x, and

eF = ω̃2/ω2 = (1 + f4,x)(1 + f3,y) − b2



Negative chords II – 2

Proposition [D] Any solution of

ω̃2 = eFω2, [ω̃]= [ω]

compatible with J is unique.

Proof. Given two such solutions ω̃ and ω̃′= ω̃+dβ,

ω̃2 = (ω̃ ′)2 ⇒ 2ω̃∧dβ + dβ2 = 0

⇒ τ ∧dβ = 0,

where τ = ω̃+ω̃ ′ is also compatible with J . Relative
to the associated metric,

dβ ∈ Λ2

−T ∗M

(so the ‘chord’ joining the two solutions is negative).
By Stokes’

0 =
∫

M

dβ∧dβ = −
∫

M

|dβ|2τ 2 ⇒ dβ = 0.

[D] S.K.Donaldson, in Inspired by S.S.Chern, World Sci. 2006



The new metric II – 3

is defined by ω̃( • , • ) = g̃(J • , • ) .

Write R
4 = V ⊕ JV where V = 〈e1, e2〉 = T (base T 2 ).

Relative to this splitting and basis,

g̃ =

(

X 0
0 X

)

,

where

X =

(

E F
F G

)

=

(

1+f4,x f4,y

f3,x 1+f3,y

)

resembles the first fundamental form of a surface.
Thus

u = tr X = 1

2
tr g̃ = 2 + f4,x + f3,y

eF = det X = (1+f4,x)(1+f3,y) − f 2
3,x.

A second ‘fundamental matrix’ is

Hess u =

(

uxx uxy

uxy uyy

)

.



Laplacian versus mean curvature II – 4

Lemma [TW]

∆̃u =
4

∑

i,j=1

g̃ ij ∂2u

∂xi∂xj

= tr
(

X−1Hess u
)

, by T 2 invariance

= e−F
[

(1+f3,y)uxx − 2f3,xuxy + (1+f4,x)uyy

]

= ∆F +
∑

k=2,4

p(X−1Hess fk),

where p(Y ) = (tr Y )2 − 2 det Y

> ∆F.

The crucial (and elegant) step is the penultimate one.

We next explain how this leads to the

Theorem [TW] Any solution of ω̃2/ω2 =eF satisfies

sup
M

‖u‖ . inf
M

∆F.



PART III
GENERAL THEORY

Sobolev and parts III – 1

‖u‖
L2p

p
= ‖up/2‖

L4

2
. ‖up/2‖

W 1,2

2

∫

M

|d(up/2)|2ω2

=
∫

M

d(up/2)∧Jd(up/2)∧ω

∼
∫

M

u d(up/2)∧Jd(up/2)∧ ω̃

= −1

4
p
∫

M

upd(Jdu)∧ ω̃

= −1

8
p
∫

M

up(∆̃u)ω̃2

. p
∫

M

upω2 = p‖u‖
Lp

p



A uniform bound III – 2

Theorem [TW] Any solution of ω̃2 =eFω2 satisfies

sup
M

‖u‖ . inf
M

∆F.

Proof. The previous inequality (to the 1/p ) is

‖u‖
L2p . (1+p)1/p‖u‖

Lp .

Iterating from p = 1,

‖u‖
L2k

. 2k/2k
· · · 41/421/2‖u‖

L1

→ 4‖u‖
L1

.

Hence,

‖u‖
C0

. ‖u‖
L1

=
∫

M

u ω2

=
∫

M

2ω∧ (ω+dα)

= 4 vol M.



The continuity method III – 3

Fix F ∈ C∞(T 2) with
∫

ω2 =
∫

eFω2 . Set

c
t

=
∫

ω2
/∫

etFω2,

and

T =







t ∈ [0, 1] :
ω̃

t
2 = c

t
etFω2

[ω̃
t
] = [ω]

is solvable in [0, t]







Existing results in the literature will establish that T
is both open and closed. Therefore T =[0, 1].

We will have solved the original problem

ω̃2 = eFω2, [ω̃]= [ω]

with a T 2 invariant ω̃ .



Closure III – 4

Theorem [W] T is closed.

Idea of proof. Recall that

‖ω̃
t
‖

C0
. ‖F‖

C2
,

independently of t .

First one establishes a Hölder bound

‖ω̃
t
‖

Cα 6 A,

for some α ∈ (0, 1) . Bounds on the derivatives

‖ω̃
t
‖

Ck
6 Ak,

follow for each k > 1 .

[W] B.Weinkove, JDG 76, 2007

To some extent this follows Yau’s original proof of
the Calabi conjecture.

[Y] S-T. Yau, CPAM, 1978

[J] D.D. Joyce, OUP books, 2000, 2007



Openness III – 5

Proposition [D] T is open.

Idea of proof. Based on the elliptic complex

Λ1
d∗+d+

⇋ Λ0 ⊕ Λ2

+

modulo harmonic forms, and the implicit function
theorem. Crucial to four dimensions.

Given a solution with t = t0, we can first solve the
volume equation with [ω̃

t
] ∈ H+, where

H2(M, R) = H+ ⊕ H− =

+ −

e12 e34

[ω2] [e13−e42]

[ω]= [ω3] [e14−e23]

In fact, [ω̃
t
] = [ω] .



PART IV
RICCI TENSORS

Calabi conjecture (Ricci form) IV – 1

Let (M,J, ω) be a compact Kähler surface. Its Ricci
form

ρ = −i∂∂ log(det gαβ)

represents minus the curvature of the canonical line
bundle κ=Λ2,0M, and 2πc1(M)=[ρ]. Moreover,

ω̃2/ω2 = eF ⇒ log(det g̃αβ)−log(det gαβ) = F

⇒ ρ̃ − ρ = −i∂∂F.

Working backwards,

Theorem A 2-form ρ̃ satisfying [ρ̃] = [ρ] is the Ricci
form of a unique Kähler form ω̃ = ω+i∂∂φ .

If c1(M)=0, we ‘obtain’ Ricci-flat metrics on M .



Assigning Ricci IV – 2

Let M be the Kodaira surface with J =J3 . The Ricci
and ∗Ricci tensors of (M, g, J) are non-zero [A].

Consider instead the ‘Chern’ connection which has
∇ω̃ = 0 = ∇J, and torsion 2-forms in 〈ω1, ω2〉 . Its
Ricci form Ric(ω̃, J) is minus the curvature of κ(J),
now spanned by ̟ = ω1+iω2.

Example Ric(ω, J) = 0, since ∇̟=−ie1 ⊗ ̟ for ω .

This time, starting from zero Ricci tensor, we obtain

Theorem [TW] Given F ∈ C∞(T 2), there exists a T 2

invariant symplectic form ω̃ compatible with J such
that

Ric(ω̃, J) = dJdF

[A] E. Abbena, BUMI 3, 1984


