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INTRODUCTION

This volume presents an overview of the Italian Research in Mathematics
Education, as it has been developed in recent years.

It has been prepared on the occasion of the International Conference ICME9
(Tokyo, 2000) and constitues an ideal continuation of the books “The Italian
Research in Mathematics Education: common roots and present trends” (eds.
Barra M., Ferrari M, Furinghetti F., Malara N.A., Speranza F., CNR, 1992) and
“ Italian Research in Mathematics Education: 1988-1996” (eds. Malara N.A.,
Menghini M., Reggiani M., CNR, 1996), which have been published on the
occasion of ICME 7 (Québec, 1992) and ICME 8 (Seville, 1996).



The volume consists of two parts.

The first section includes a paper by F. Arzarello on the present trends of
research in Mathematics Education in Italy and a paper by N.A. Malara, dealing
with the history of the “Seminario Nazionale”. The first section also includes
two contributions, by C. Marchini and N. Malara, in memory of Francesco
Speranza, who can be considered an historical father of Didactics of
Mathematics.

The second part is a survey of the Italian reseach in Mathematics Education
since 1994. Abstracts of selected papers, published until june 2000, are given.

We hope this volume can offer an overview of the problematiques which are
mainly addressed by the Italian researchers, in the view of enriching the
international debate and fostering cooperation.

Modena, june 30™ 2000

part one



Part two



RESEARCH FOR INNOVATION INITALY: A THEORETICAL FRAMEWORK

Ferdinando ARZARELLO

Introduction

This paper will focus on the most relevant features of Italian Research into
Mathematics Education (RME from now on) since 1960s and of its evolution;
similarities and differences with RME carried out in foreign countries will be
identified. The "top-down" analysis will start with general considerations
leading to a theoretical framework; then significant examples will be
illustrated. Methodological issues that appear particularly intriguing for
current [talian Research will be discussed.

The paper is divided in four parts. Sections 1 and 2 will discuss the
theoretical framework; section 3 will present the current themes of the Italian
research to be analysed within such framework, including some paradigmatic
examples; section 4 will discuss methodological issues.

1. Theoretical framework.

The theoretical framework draws on the analysis of the more recent Italian
research into Mathematics Education which has been carried out by the
author and M. Bartolini Bussi and previously published: see Arzarello (1992,
1996), Arzarello & Bartolini Bussi (1998). More details can be found in
Bazzini & Steiner (1989, 1994), Barra & al. (1992), Malara & Rico (1994)
and Malara (1998).

Such analysis identified four main components of the Italian RME, which are
indicated as A, B, C and D. A and B are the oldest ones: they are
distinguished only for conceptual reasons, but they are usually both present in
the works of a same author (in fact, they belong to the Italian tradition and
they are not explicit paradigms), particularly in the period 1960s to 1980s. In
the last decade, these components have been more integrated than before and
they have interacted with a third component, which is not Italian (component
C); the current research represents an original integration and elaboration of
these three components, so that we can talk about a new trend (component D).
Actually, the first three components may be considered (also) as local
representation of general trends within the international scientific research
community. For example, E. Bishop distinguishes three types of traditions:
the scholastic philosopher tradition, corresponding to component A, the
pedagogue tradition, corresponding to component B, and the empirical
scientist tradition, corresponding to component C.



In the following, the first three components A, B and C will be briefly
discussed.

COMPONENT A

RME based on the conceptual organisation of the subject
(mathematics)

The aim of this kind of research is to improve the teaching of mathematics in
"generic" situations, working on the logical organisation of concepts within
mathematics. Attention is paid only to the contents, while the problems due to
the didactical transposition (cf. Chevallard, 1980), i.e. the relationship
between scientific knowledge and the knowledge to be taught in the
classroom, are not explicitly considered. Didactical interventions in the
classroom are planned taking into consideration students' difficulties related
to mathematics only, and psychological difficulties are usually related to
these ones too. Teaching products, rather than teaching and learning
processes, are the object of study.

A good example of such research is the Syllabus, which was published at the
end of the 70s by the Unione Matematica Italiana (UMI, 1980); it provided a
hierarchic description of the main concepts and abilities that students who
intended to undertake a scientific degree should master at the end of
secondary school, it showed the main difficulties and mistakes and it
proposed challenging problems.

Many mathematicians' contributions to Mathematics Education in the 1960s
reflected this perspective and can be classified in this component: they
advised a didactics based on the conceptual organisation of the discipline.
Examples from the international community are the research carried out by
Servais, Steiner, Rosenbloom (presented at the first ICME Conference held in
Lion in 1968) and some works of the TME group (Theory of Mathematics
Education), especially the old ones.

In the same period however, teachers and other related associations arose new
movements for innovation in Mathematics Education in Italian schools. They
wanted to have access to paradigmatic examples aimed at improving the
teaching of mathematics in specific contexts, in which concrete difficulties
were present. A need for relating the problems of Mathematics Education to
the entire social and pedagogical environment was manifested; a language
more complex and broader than the strictly disciplinary one was requested
for.

Accordingly, a second component was born.
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COMPONENT B

RME for concrete innovation in the classroom

The aim of this kind of research is the production of paradigmatic examples
for improving the teaching of mathematics in 'specific' contexts, with respect
to concrete and peculiar problems emerging in the everyday life of a
classroom. Intervention in the classroom is rooted in practice and great
attention is paid to teaching and learning processes (not only to products).
The following extract from a document written by Emma Castelnuovo is a
significant description of this component:
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It is necessary to refer to objects and actions, if the aim is to make the teaching
of intuitive geometry constructive, and as a consequence formative. These
objects and actions must not be predefined, but must change according to the
needs teachers identify in each classroom at different times. The practical means
used in the various experiences have no importance: they can be models, tools,
imagined or implemented experiences about sunlight or shadows. The freedom
to create and interpret, both for tea%hers and students, is one of the
characteristics of the constructive method!. (Castelnuovo, 1965)

Similar research was carried out in the same period at international level, see
for example Gattegno and Dienes, and most of the works presented at the
CIEAEM conferences in that period.

Even though the movements for innovation were rooted in schools, many
professional mathematicians had a role in this component too, especially

when the Nuclei di Ricerca DidatticaZ (NdRD), which had a very important
role in the following years, were created (cf. Malara, 1998): one of the best

known mathematicians who had a fundamental role in this sense 1s Giovanni
Prodi (cf. Prodi, 1975/77, 1992).

Consequently, it is difficult to classify different authors’ contributions under
one component only: sometimes both components A and B usually belong to
and are integrated in the works of one author. Moreover, in both cases the
research outcomes (i.e. conceptual frameworks in A and experimental
innovative frameworks in B) were not to be directly implemented in the
classroom, but they needed further elaboration: these products were defined
energisers of practice in a ICMI document about the nature and results of
Education research (ICMI document, 1995).

Even though, the two components had different impact on the educational
system. Component A showed a “top-down” model: conceptual analysis
informed and determined practice; component B was based on action-
research: the starting point was a concrete problem perceived by teachers and
practice was determined by concrete conditions for action in the classroom. In
the first case, the impact on the educational system related to an “intended
curriculum” (curriculum and textbooks, cf. Barra et al., 1992), while in the

I Here is the original italian text: "E necessario ricorrere all'oggetto e all'azione se si
vuole che l'insegnamento della geometria intuitiva abbia un carattere costruttivo e che
sia quindi formativo: ecco la conclusione a cui vorremmo aver condotto il lettore.
Oggetto e azione che non devono seguire uno schema prestabilito, ma lasciarsi ispirare
ogni volta dalle esigenze della classe che l'insegnante avra la sensibilita di saper
cogliere: ¢ proprio da queste esigenze che sono sorti gli esempi che abbiamo dato. |
mezzi pratici per la realizzazione delle esperienze non hanno nessuna importanza: si
trattera di un modello, di un dispositivo, di un'esperienza realizzata con I'aiuto di un
materiale o solamente immaginata, delle variazioni di una luce o del mutarsi di
un'ombra. Ed ¢ proprio forse questa liberta di ideare e di interpretare, ugualmente alla
portata del maestro e dell'allievo, che costituisce una delle caratteristiche del metodo
costruttivo." (Castelnuovo, 1965, pag.65)

2 Groups for Research in Education
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second case, the impact related to an “effective curriculum” (referring to real
classroom situations). In both cases dissemination relied on an optimistic
faith in teachers: in A, teacher training and in service courses were aimed for
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(assuming that this was enough to give way to change), while in B
dissemination totally relied on teachers’ capacity and intention to spread the
professional competence acquired through experience, among their
colleagues.

A particular remark concerns the fact that the existence of mixed research
groups (in which both teachers from schools and researchers from
Universities were working together) allowed an increasing integration of the
two components, so that a separation between theoretical research and action-
research, which took place in other European countries (e.g. France and
Germany, see: Rouchier, 1994, Griesel & Steiner, 1992), was avoided in
Italy.

The integration of the two aspects was fostered by the policy for the
innovation of the Italian curriculum in the 1970s and 1980s, which involved
both mathematicians from University and teachers from primary and
secondary school, who were already involved in the NdRD's (and inservice
courses).

The most interesting examples of such an integration are some secondary
schools textbooks written by Lombardo Radice, Prodi, Speranza, Villani and
others, and the RICME project for primary schools, co-ordinated by Pellerey
(Pellerey, 1979/82).

The collaboration between practising mathematicians and teachers is a
peculiar factor of Italian research and proves essential to understand its
evolution over years (more details and a comparison with other countries in
which some kind of collaboration between Universities and schools is
somehow present can be found in Boero, 1994; further information about the
Italian situation are in Malara, 1997, 1998). At the time of innovation in the
school curricula (at all levels), the NdRD realised they needed to better
characterise the interventions which were implemented in the classroom. In
fact, they realised that neither the analysis based on the conceptual
organisation of the discipline (component A) nor the action-research in a
concrete classroom context (component B) could account for a scientific
explanation of why the 'same' innovation succeeded in some classrooms but
completely failed in other classrooms (a similar discussion with respect to a
non Italian context can be found in the analysis of the IOWO project, given
by Douady, 1988).

This issue proves relevant as far as the research methodology is concerned,
particularly because of the separation between the community of educators
and the Mathematics Education (and science education in general) research
community, which has always existed in Italy as part of a persistent cultural
tradition.
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However, some important events took place in the 1980s and presented

Italian researchers with new research tools and methods with respect to

Mathematics Education. In particular, we mention:

- the CIEAEM 33, held in Pallanza in 1981 (Pellerey, 1981);

- the four Mathematics Education schools held in Trento in 1980, 1983,
1984, 1991,

- the summer school in Mathematics Education, held in Turin in August
1990.

Thanks to these events, many Italian researchers could interact with well-
known researchers of the international Mathematics Education research
community and came in contact with different methodologies and traditions,
in particular with the methods of what can be defined as component C.

COMPONENT C

RME as observation and modelisation of 'laboratory' processes

The aim is to get a better understanding of the processes that are taking place in the
classroom (in particular short-term processes), in order to plan classroom interventions.
This research requires the use of methodologies that are borrowed from other disciplines,
as psychology, sociology and pedagogy: typically, experiments are prepared, either in a
laboratory or in the classroom which works as a laboratory, in order to test previously
formulated hypotheses. Many research papers published in the PME Proceedings come
from this kind of research.

Typical results from this type of research are for example taxonomies, models
of interactions, etc..., i.e. the products which are defined economisers and
demolishers of illusion in the ICMI study previously mentioned (Kilpatrick &
Sierpinska, 1995).

Component C differs from A and B, in that the starting points for C are
"Internal' research problems and its impact on the educational system is not a
main goal: attention is paid to the observation of processes taking place in the
classroom.

The influence of such a component, which had been completely absent in the
previous years, was very important because it was the starting point for a
reformulation of the whole Italian Mathematics Education research and
determined the characteristics of the current RME.

The interaction among the three components (two native ones and one
imported from abroad) produced a very peculiar and original development
and evolution of the Italian RME, which makes it interesting at international
level.
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2 The Current Trends in the Italian Research into Mathematics
Education

The new developments of the Italian research were discussed at the 8"
National Seminar for Mathematics Education, held in Pisa in 1991 (Cf.
Arzarello, 1992; Boero, 1992; Malara, 1992). Researchers realised that the
component B (innovation in the classroom) was more and more integrated in
the other two components A and C. Consequently, a new trend emerged:
innovation was no longer considered to be only action in the classroom, but to
be research itself. This is the core of the current Italian research into
Mathematics Education.

TREND D

Research for innovation

The object of study is the teaching and learning of mathematics, both in
specific classroom contexts and in relation to the more general educational
context. The research aims are:

(i) to develop paradigmatic examples concerning improvement in the
teaching of mathematics (e.g. partial or global curricula innovations);

(11) to study the conditions for their implementation in the classroom and the
factors which may be an obstacle to this;

(i11)to develop innovative theoretical models, which may be used by teachers
to guide their action in the classroom;

(iv)to develop innovative methodologies of working in the classroom.

The teaching and learning process is at the same time object and objective of

research.

The first point comes from component A, the second is linked to the

investigation of classroom processes (components B and C), while the last

two points are typical of the new trend (D) and integrate and elaborate

elements from both A, B and C.

Interventions in the classroom are planned with attention to: cultural and

epistemological perspectives (A); pedagogic (B) and conceptual (A) reasons;

cognitive difficulties (C) and specific interactions in the classroom.

The impact on the educational system concerns:

(a) dissemination of the projects for curricular innovation to big groups of
teachers (following the tradition of the NdRD);

(b) discussion of the complex classroom processes, which are object of
investigation, with teachers in inservice courses, in order to make them
aware of their important role in the classroom,;

(c) dissemination of methodological innovations, which are suggested by the
research methodology itself.

16



There are a number of different research problems to be investigated. For
example, one main research problem concerns the production of scientific
knowledge about the relationships between projects for innovation (based on
epistemological, cultural and cognitive hypotheses) and their implementation
in the classroom (analysed in different ways). Research for innovation is
characterised by experimental features (inherited by components B and C) to
be integrated with theoretical aspects (typical of A and C). The main aim is
innovation as research and not only innovation as action in the classroom.
Teachers are actively involved in all the phases of research: the method of
participant observation (Eisenhart, 1988) is the most commonly used to
collect and interpret data.

Typical outcomes from this kind of research are: projects for global or local
(e.g. with respect to contents or teaching methods) innovations in the
curricula; models for classroom processes (e.g. the role of the teachers);
etc.... These products are usually framed by a theoretical framework, which
is a result of the research itself (this makes the difference to component B).
Consequently, not only concrete products (linked to concrete contexts) are
developed, but also basic results (the variables which characterise the studied
contexts are made explicit in the research).

This aspect is a result of the collaboration teachers-researchers, both in the
planning and in the observation phase. Such a collaboration has allowed the
distinction between “theoretical” and “practical” relevance of research
(Sierpinska, 1993), which is present in many countries, to be overcome since
the beginning. Theory and practice are generated and develop at the same
time. This methodology of research, which has empirical basis, nowadays
represents a crucial epistemological perspective. Avoiding the distinction
observer-observed (in Education research the observer is represented by the
researcher and the observed by the classroom together with the teacher)
represents a shift from the traditional positivistic methods, borrowed from
natural sciences.

Briefly speaking, the most innovative aspects of current RME in Italy concern
the elaboration of useful tools for dealing with its double-sided products: on
the one side, specific concrete results; on the other side, general and abstract
theoretical results. The internal tension is due to the simultaneous presence of
the three components A, B and C discussed above. In order to give an
authentic account of trend D, a dynamic description of the reciprocal inter-
relationships established among the three previous components is needed.
Many Italian (and international) researchers agree to consider RME mainly as
the study of mathematics teaching and learning processes as complex
dynamic systems (cf. the notion of complementarity in Steiner (1985) and the
conclusive discussion in Arzarello & Bartolini Bussi (1998)).
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In conclusion, we see that the evolution of the Italian RME started from
primitive germs and developed complex problems and methodologies: from a
number of first order variables describing the basic components (A, B and C),
a net of new variables connecting the basic ones at a higher level (second
order variables) has been identified in trend D.

Therefore, in order to give account for this two-level complexity which
makes Italian research so peculiar, appropriate tools need to be created. Two
tests for the analysis of Mathematics Education research were developed.

The first test is

TEST 1 (MINIMALITY)

Educational research must contain at least two of the three components A, B
and C. In order for it to be relevant, all of them must be present.

Let us consider some examples.

a) Boero & Szendrei (1995) show the necessity of considering not only
quantitative aspects but also “qualitative information regarding the
consequences of methodological or content innovations”. This is a way of
considering second order properties. Other second order variables are
mentioned by the authors: “the relationships among teachers, students and
mathematical knowledge in the classroom; between school mathematics
and the mathematics mathematicians do; between research outcomes and
classroom practice”.

b) The reconstruction of the development of education research in France
presented by Perrin-Glorian (1994) shows the use of concepts which are
elaborated within different cultural and conceptual frameworks and
drawing on different problems; consequently there is the need for a second
order analysis in order to elaborate an appropriate comprehensive
theoretical framework.

It 1s important to say that a second order analysis does not simply combine
the first order components like in a jigsaw, but these variables are related to
one another within a system. The idea comes from Vygotsky (1990): he
advocates for the necessity of studying single components of a phenomenon,
which still have the same characteristics of the global phenomena, without
reducing the phenomena to too fine components which have lost the global
features. (Vygotsky presents the example of a molecule of water and the
atoms of hydrogen and oxygen). In the same way, in RME it is worth
studying conceptual hierarchies for mathematics and for social interaction
within a context in which they interact.
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Given that a research project passes the test for minimality, a second test
needs to be undertaken.

Such approach to RME is an elaboration of the notion of complementarity
presented by Steiner (1985): cf. the discussion in Arzarello & Bartolini Bussi
(1998).

TEST 2 (DYNAMIC INTER-FUNCTIONALITY)

Dynamic inter-functionality among its components must be satisfied in
Educational research. That is, the analysis must concern the relationships
between components more than the components themselves.

To summarise, many Italian researchers agree to say that doing RME
nowadays means investigating teaching and learning processes in
mathematics considered as complex dynamic systems. That is, they are (or
should be) analysed as processes in which all the components live together in
the concrete context which is studied. This new approach is currently being
developed in Italy and it has got very important consequences both at the
level of innovation in content and at the level of methodological innovation.
Current Italian RME consists of an effective interaction between projects for
innovation (based on epistemological, cultural and cognitive solid
hypotheses) and their implementation in the classroom (to be analysed in
various ways). A key point of such an interaction is the active involvement of
teachers in all phases of research as participant observers, as previously
mentioned.

The following sections will discuss this perspective, presenting concrete
examples and analysing the methodological consequences.

3. The Current Themes in the Italian Research into Mathematics
Education

The current themes in the Italian research into Mathematics Education can be
classified in two categories.
(1) Contents:

1. Geometry

2. Algebra

(1) Cross-curricular themes:
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. Social Construction of Knowledge

. Real Contexts

. Theory and Theorems

. Learning Difficulties

. Beliefs

1
2
3
4. History and Epistemology
5
6
7

. New Technologies and Multimedia

The themes in the second category are the core of the current Italian research.
It can be argued that a good understanding of these themes is possible only if
both first order and second order variables are taken into consideration.

Most of the cross-curricular themes can be seen as:

1. Derived from the components A, B and C, within a first order analysis.
2. Interaction of the components A, B and C to produce more complex
themes, within a second order analysis.
This situation means a peculiar analysis of the methodology has to be carried
out, with respect to the two levels (see section 4).

SECOND ORDER VARIABLES

T 1 2 3 4
H SOCIAL REAL CONTEXTS | THEORY AND | HISTORY AND
E CONSTRUCTI THEOREMS | EPISTEMOLOGY
M ON OF
E KNOWLEDGE
S
Mathematical Semiotic Discussion Reading
1 Discussion Mediation Argumentation Interpreting
(gestures) Proof Historical
documents
(voice-echo)
2 Fields of Cognitive
Experience Unity
3 Dragging Theorems Analysis/
Synthesis
Table 2

Both theme 1 (Social Construction of Knowledge) and theme 5 (Learning
Difficulties) are strongly connected to component B (innovation in the

classroom).
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Theme 2 (Real Contexts) refers to component B as well (see for example, the
works by E. Castelnuovo and the project about the mathematisation of reality,
cf. Spotorno & Villani

Theme 3 (Theory and Theorems) refers to component A (a concept based
didactics).

Theme 4 (History and Epistemology) derives from A as well (see the works
by Enriques and L.Lombardo Radice).

Theme 6 (Beliefs) comes from a 'non Italian' tradition, within component C
(observation of laboratory processes), but it has got a strong impact on the
Italian tradition (e.g. the teacher-researcher).

A separate discussion concerns theme 7 (New Technologies and Multimedia):
this cannot be directly matched with one specific component; it appears to be
a ramification of theme 2 (this hypothesis needs more justification), i.e. the
problem of new technologies is considered as part of the real context of
modern society (more details can be found in Malara, 1998)

However, it must be remembered that the current research projects centred
around these themes must be analysed according to second order variables, as
the interactions among all the different components need to be considered in
order to understand such a complex situation.The (a-priori and a-posteriori)
analysis of mathematical knowledge, of didactic variables, of students and
teachers' mental dynamics and teachers behaviour in the classroom can be
expressed only at a second order level, dynamically and inter-functionally.

In order to make this clear, some paradigmatic examples are presented. The
table shows some intersections of different themes, which are at the basis of
the second order developments of research. The rows and columns contain
some of the cross-curricular themes. The diagonal contains the core issues to
give rise to second order trends, with a few intersections represented by the
cells outside the diagonal. For example, the intersection of theme 2 (Real
Contexts) and theme 1 (Social Construction of Knowledge) produces the
Vygoskian research, which investigates the complex interaction of tools,
gestures and language in the construction of knowledge. Examples are the
voice-echo game, presented by Boero ef al (1997, 1998) and the project about
Gears in primary schools, carried out by Bartolini Bussi et a/ (1999).

In the following, some other examples will be briefly discussed.

The theme Theory and Theorems (column 3) concerns the study of
epistemological aspects of proof within mathematical contexts (geometry,
arithmetic, etc...), as well as the analysis of cognitive aspects which make
proof become object of didactics. The cognitive and didactical analysis makes
new concepts emerge. For example the concept of Cognitive Unity (see
Garuti et al., 1996, 1997, 1998) and the voice-echo game are second order
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concepts, both because they involve an interaction of different components
(mathematical concepts and historical analysis, cognitive aspects, social
construction of knowledge) and because they require an integration of
complementary methods.

Based on the historical Italian tradition, which is characterised by studies
about the foundations of mathematics and their impact on education (see
Enriques, with respect to component A and Castelnuovo, with respect to
component B), more recent studies on the same subject (Arzarello et al.
1998a, 1998b; Bartolini Bussi et al., 1996, 1999; Mariotti & Bartolini Bussi,
1998; Boero et al., 1998) illustrate an original approach to research on the
teaching and learning of theorems, in which a second order analysis is crucial
(trend D). In fact, the characterising features of current research are the
identification of the features of theorems that have not changed over time
(from Euclid till now) and the experimental investigation of students'
appropriation of theorems, in a holistic perspective, which does not separate
the phase of constructing a proof from the other activities related to theorems:
the production of conjectures, of definitions, etc...

These issues are intersected (trend D) with another theme which is part of a
very old historical and epistemological tradition (component A), which goes
back to the XIX century, and is still linked to an extensive presence of
geometry in nowadays curricula at all Italian school levels (at least in the
scientific schools).

An interesting example of how trend D has emerged from the other
components A and B is the ICMI Study Conference held in Catania,
presented in a volume edited by Mammana & Villani (1998).

The characteristics of Italian research about the teaching and learning of
geometry are: historical and epistemological analysis of curricula,
experimental investigations in schools, attention to epistemological and
cognitive key features of geometrical reasoning (related to first order
components). The innovative analyses and projects elaborate these issues
identifying second order components. See for example: Malara (1997, 1998)
with respect to the difficulties in the learning of geometry; Bartolini Bussi et
al. (1994, 1998c, 1999) with respect to the construction of mathematical
knowledge; Mariotti et al. (1989, 1997, 1998) with respect to figural and
conceptual issues and the role of theory in the construction of theorems.

Similar discussion concerns the theme of the contextualised teaching of
mathematics (cf. column 2, Real Contexts in Table 2), which is typically
cross-curricular and it is linked to the problem of the development of
mathematical reasoning in relation to reality, that is a central problem in
many Italian works. This theme goes back to the massive didactical
innovations of the 70s (component B, cf. Castelnuovo). Starting from first
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order research, new original second order contributions, concerning
classroom work, have been produced. Boero elaborated the concept of field of
experience, which is connected to other themes (Table 2, line and column 2).
See also the works by Bartolini Bussi (1996; 1999), Boero et al. (1995),
Basso ef al. (1998), Dapueto & Parenti (1999), Lanciano (1996).

Another second order theme is the Social Construction of Mathematical
Knowledge in the classroom (Table 2, line 1). This theme derives from the
classroom experiments developed in the 1970s (component B), which
provided a relevant contribution as far as the involvement of teachers in the
research projects carried out by schools and universities together. As a
consequence, the image of the teacher-researcher emerged (cf. Navarra & De
Plano, 1992). An evolution towards second order research has taken place in
particular regarding the investigation of the approach to theoretical thinking
and to mathematical reasoning: see Bartolini Bussi (1996, 1998a, 1998b) and
Pesci (1998).

Another example concerns research about teachers and students beliefs, and
their mutual interactions. This theme is currently being developed in Italy
with specific features (in some way related to international research; see:
Cannizzaro, 1989; Furinghetti et al, 1990) and it still needs further
investigation. The theme proves relevant for a better understanding of the
teaching and learning reality in schools, as the basis for planning innovation
in the classroom. Italian issues, as for example the problem of the teacher-
researcher, are linked with non-Italian issues (related to component C). The
following excerpt from Malara (1999) illustrates the first problem:

Sometimes teacher-researchers constrain the choice of topics, which can be
object of innovation in the classroom.... As far as methodology is concerned,
teachers’ autonomy often does not allow having common frameworks for the
classroom discussions, recording all the discussion, having a detached
observer in the classroom.... Research results strictly depend on the kind of
relationshig existing between the director of research and the teacher-
researcher>.

Recent Italian research around this theme (see for example Bottino &
Furinghetti, 1991; Poli & Zan, 1999) has shown typical second order features,
e.g. the study of teachers conceptions to be related to students conceptions
about some key points of the mathematical curriculum and its recent

3 “[L’insegnante-ricercatore spesso pone] seri vincoli nella scelta degli argomenti di innovazione
su cui innestare le attivita sperimentali...Sul versante metodologico, spesso 1’autonomia li porta
a dare poca attenzione alla pianificazione comune dei canovacci di discussione; a limitare la
registrazione delle discussioni...; a rifiutare I’intervento di un osservatore muto...i risultati di
ricerca sono strettamente dipendenti dalla sintonia e dal delicato equilibrio con cui si gioca il
rapporto tra insegnante ricercatore e direttore della ricerca" (Malara, 1999).
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transformations (e.g. the integration of new technologies in the teaching and
learning of mathematics and in the work of mathematicians).

Further examples concern the themes in (i), in particular the works about the
teaching and learning of algebra and the analysis of its links with arithmetic.
Interesting results have been produced in Italy and appreciated at
international level. See Arzarello (1998); Arzarello er al. (1993, 1994a,
1994b, 1995; 1999, 2000); Bazzini (1999); Boero (1999, in print); Malara
(1999, in print); Menghini (1994); Reggiani (1997, 1999); Basso et al. (1998)
and the included references. This theme has roots in the works by F.Speranza
(component A), E. Castelnuovo (component B) and G. Prodi. The transition
from the components A and B to second order analysis is marked by a
number of events: the participation of some Italian researchers in the Algebra
Discussion Group at PMEs; the WALT Seminar (Workshop on Algebraic
Learning in Turin, held in 1992 in Turin), which well known international
researchers participated in (A.Sfard, A.Bell, R.Sutherland) and which SFIDA
(Séminaire Franco Italien de Didactique de I’Algebre) originated from, in
collaboration with J.P.Drouhard (cf. Drouhard & Maurel, 1995). The analysis
of the complex dynamics which originate from creating, manipulating and
interpreting formulas gave rise to the development of theoretical models
(Arzarello et al., Boero), interventions in the classroom based on those
models (Malara, the research group in Pavia), sometimes also introducing
new technologies (Chiappini, Lemut) and historical and epistemological
investigations about algebraic language (Menghini). The common feature to
this research is that the elements coming from components A and B are
integrated in a more complex theory at a second order level: a paradigmatic
example is the notion of ‘space-time of production and action’ described in
Arzarello et al. (1995).

A final remark. Multidimensional analysis is nowadays very often required.
For example, in the experience of gears and circles developed by Bartolini
Bussi, the reference to Erone requires a link with the theme History and
Epistemology; the research about dragging, carried out by Arzarello, Olivero
& Robutti (cf. Arzarello et al., 1998a; 1998b) is related to the theme of
Semiotic Mediation, gestures, Theory (as dragging is studied in the context of
theorems production) and History (as the problem is connected to the notions
of Analysis and Synthesis in geometry).

4. Methodological Issues

The Italian framework emerging from the previous description appears
fragmentary. This is not only due to the fact that a number of works from
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different people have been presented but also to the fact that the problems
investigated are different in structure. E.g. the problem of modelling is
different from the issue of theorems, and so on.

Such variety (and richness) of problems has deep consequences at
methodological level. In fact, a contradictory and heterogeneous
methodological framework results from that. This can have two meanings: (a)
the development of research has yet not achieved a good elaboration as far as
methodology 1s concerned; (b) the nature of the problems investigated is
contradictory itself, so that their study may require a number of different but
complementary methods, which are not always coherent (cf. Steiner, 1985).

This section will focus on some issues concerning this problem: these are
preliminary questions to be further formulated and researched.

a) Student’s time, teacher’s time and researcher’s time.

A new variable is to be taken into consideration in order to make sense of the
second order phenomena previously described: the time variable. Second
order variables are significant because they give an account of the real
temporal development of events in the classroom. This temporal development
takes place with different velocities and some particular phenomena may be
fully understood only if what happens in the micro-time is connected to what
happens in the macro-time (cf. Boero, 1990). Second order variables often
involve the use of first order variables, which have different ‘natural times’:
this is one of the causes of the methodological problems. To say it in a
metaphor, the situation is similar to a physical phenomenon which needs to be
dealt with from the point of view of both classical mechanics and quantitistic
mechanics, which may be in contradiction. There is a problem in studying
second order didactical phenomena: they need to be studied according to both
a fine and a global analysis, so that they seem to require the use of a number
of different research methods, always complementary, sometimes
contradictory. On the one hand, there are long-term processes, typically
connected to innovative problematiques within trend D (originated from B),
based on the analysis of the evolution of students’ processes, of teachers’
beliefs, etc...in macro-situations. On the other hand, there are short-term
processes, linked to trend D as well (with origins in component C), based on
the fine analysis of micro-situations.

Long term processes are not simply the sum of short term processes: the
change in the time according to which these two kind of processes take place
implies a change in the methods used to observe what happens in the
classroom.
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b) Status of mathematical objects

The peculiarity of Education research provides motivations for reconsidering
(redefining) the epistemological status of the mathematical objects taking part
in the teaching and learning processes. The mathematical objects must be
considered in relation to the cognitive, social, etc...processes under which
students construct (or are not able to construct) these objects, within the so-
called teaching & learning problem situations. There are a number of possible
answers to this problem; they are very different and often complementary,
and they are defined by explicit or implicit didactical theories (which
characterise the teaching and learning situations). Moreover they are deeply
related to the temporal issue mentioned in a): the different observations used
according to the change in the time imply a change in the status of
mathematical objects and concepts (such a consideration completely change
the first order framework, e.g. related to component A).

c¢) Scientific aspects of the knowledge related to didactical innovation.

The consequence of some peculiar aspects of the Italian RME — typically, the
presence of teachers as participant observers, the refusal to do 'laboratory’
research, the didactical continuity provided by the same mathematics teacher
teaching each classroom over long periods of time at all school levels — is that
real teaching contexts are investigated, and learning objectives are usually
considered more important than research aims. Therefore, the temporal
dimension of all the variables used has to come to terms with the real time of
the concrete classroom observed. This is a heavy contradiction, that is
however essential in real teaching contexts: in a laboratory the time variable
can be contracted or dilated as wanted, whereas in a real classroom this is
more difficult. This approach puts under trial the ‘laboratory’ methods typical
of component C and makes it necessary to redefine the problem of the
'scientificity’ of the Italian research (cf. Boero & Szendrei, 1995). The
problem of reproducibility and quantification of results needs to be tackled
from a different point of view. A hypothesis is the following. While
quantitative methods and reproducibility criteria are fine for the first order
variables, as it i1s possible to consider, measure, etc...them according to a
single framework, they no longer work for second order variables, as multiple
frameworks are needed. A sort of indetermination principle for didactic
variables 1s established. The classical scientific methods can no longer be
useful in this new framework.

Within such a complex and not yet well-defined framework, researchers
normally use a number of different methods, which appear to be functional to
the problem investigated.
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For example, as far as the study of the role of the teacher is concerned,
Activity Theory seems to be the best approach; on the one hand, because the
Vygotskian tradition has given consideration to teachers, on the other hand,
because Leont’ev framework seems to be particularly helpful in analysing
and planning the role of the teacher (Leont’ev, 1978). This line of work is
followed by M.Bartolini Bussi (cf. the project about gears and circles),
M.Alessandra Mariotti (the Cabri project), F.Arzarello (primary school). A
remark: provided the didactical contract is fulfilled, in some cases a dilation
in the normal time of the classroom happens, due to the need of studying
carefully the different dynamics taking place during the classroom

discussions (this has been observed both in Modena and in Turin).
The role of the teacher may be studied with respect to other second order variables, e.g.
his/her beliefs system (cf. Furinghetti, 1998).

Changing variables in the research may prove the methodology of Activity
Theory no longer useful. For example, a microanalysis of students’ times
when doing individual problem solving or when interacting with the teacher
(cf. Boero & Scali, 1996) may require elements gathered from different
theoretical frameworks, but complementary to one another (this shows the
non solvability of the indetermination principle, at the moment). For
example, the group working in Genova (Boero) refers partly to the theory of
didactical situations (with some changes in respect to the interplay between
the action and formulation phases), partly to the Vygoskyan notion of
mediation, which is extended to the whole process (and not only to the phase
of institutionalisation) and partly to its own theory (cf. the voice-echo game).
A remark: in this case there may be a contraction of the real time in order to
have more compact observations of the students’ processes to undergo the
micro-analysis. Such phenomenon is the opposite of the dilation in time
mentioned before with respect to the Activity Theory framework

In a similar way, other problems may underline the necessity of considering
second order variables to be analysed in their interplay with the status of
mathematical object over history. A typical example is the study of abductive
phenomena in the context of theorems production (Arzarello et al., 1998a);
from a phenomenon to be studied from the cognitive micro-time of students,
it becomes an epistemological problem to be studied in the historical context
(Arzarello, 1999), with reference to the ‘analysis and synthesis’ methods in
geometry.

Another similar example is the investigation around gears carried out by
Bartolini Bussi (Bartolini Bussi et al, 1999).
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THE ""SEMINARIO NAZIONALE":
AN ENVIRONMENT FOR ENHANCING AND REFINING
THE ITALIAN RESEARCH IN MATHEMATICS EDUCATION

Nicolina A. MALARA

1l sole lentamente si sposta
sulla nostra vita, nella paziente
storia dei giorni che un mite
calore accende, di affetti e

di memorie. 4

(A. Bertolucci, At home, 1951)

Italy has an ancient tradition of studies in mathematics education. However,
projects on this field started being sponsored academically only at the
beginning of the Seventies, when the Bourbakist revolution gave vent to
thinking trends in maths education (see Barra ef al. 1992).

Ever since the early Sixties, when middle school was unified and became
compulsory, the teaching of mathematics was joined to that of the other
sciences. The aims of this association were: to give more importance to the
cultural dimension of science, which for a long time had been considered
culturally inferior to les belles lettres, and in particular to give a new image of
mathematics, which until then had been disturbed by an extremely technical
teaching. This new combination should show that mathematics has two main
features: it is the language for all sciences, which nourish it, and it is an
independent theoretical corpus (De Finetti 1964, Viola 1965).

In those years, also thanks to scholars such as E. Castelnuovo, the most
widespread vision of mathematics was based on reality. It consisted in
starting from pupils' concrete activity, possibly with ad hoc didactical tools,
and going on through problems, the solution of which could help teachers to
build up and give significance to mathematics at theoretical level.

This was the point where the teacher's role must be transformed: a teacher
could no longer simply carry out the annual syllabuses, step by step, as they
were written; on the contrary, teachers must become designers of long-term
didactical projects, based on precise cultural choices which included a deeper
analysis of specific issues contained in the syllabuses.

4 The sun slowly moves/ over our life, in the patient/ tale of days that a gentle/ warmth
lights up, with love and/ memories.
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These novelties, introduced by legislation with the new syllabuses for middle
school (1979), made sure that academy promoted many projects so as to give
teachers the awareness of their new role and start a real process of cultural
innovation at social level.

It was chosen to work beside teachers, according to a minor but ancient
tradition of co-operation (Barra et al., op. cit.). The belief was that dialogue
between the parts could give teachers new cultural and methodological hints
as well as awareness of the main obstacles against innovation (teachers'
difficulties and needs, influence of new technologies, cultural values arising,
stiffness of the system, etc.). This was thought to be the best way to find
solutions.

Some universities created the first Nuclei of didactic research (Genoa, Parma,
Pavia, Pisa, Rome, Trieste), and the first Internuclei meetings took place as
seminars. The first studies carried out aimed at contents renewal: they
worked out specific teaching projects with the co-operation of teachers. The
pioneer projects created by P. Boero for middle school, for example, are
global and strongly innovative.

The books by F. Speranza & A. Rossi dell'Acqua (see here the reports
devoted to Speranza) and the book edited by G. Prodi were born in this
environment. The latter was the result of a specific project between
universities, sponsored by the CNR (National Research Council). Teachers
co-operated to test the effectiveness of the suggestions made in the project.
Then, in the early Eighties, a revision of the syllabuses for the other school
levels was being planned, home computers and programming languages were
spreading, and wide financial investments were made to promote mathematics
education. New Nuclei of didactic research were born, with consequent
widening of the studies realized. Born as small seminars, the yearly
Internuclei turned into national conferences. Many researchers started going
to international conferences,® and foreign colleagues started being invited to
spend some time in Italy (Malara 1998).

Each Nucleus worked its own way, according to the local situation. Still, the
two main philosophies were: renewal through continuity (attention given to
the usual teaching tools and methods, to the quality and updatedness of
textbooks; innovation suggested on specific issues, mainly crucial ones) on
one hand, and renewal through breakthrough (stop with traditional teaching,
yes to the integration of new technologies and other sciences into the teaching
of mathematics, focus on mathematization and on issues with strong social
relevance, such as probability, statistics and computer science) on the other.
Anyway, both approaches aimed at recovering the historical-epistemological
aspects of mathematics.

5 See Boero et al (1979), Boero & Guala (1981), Boero (1981, 1985a, 1985b, 1986).
See for instance the proceedings of CIEAEM Pallanza (1981), Orleans (1982) and
Leiden (1985).
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These different approaches lead to an inner dialogue in the discipline, in order
to define the general aims, the way they should be tackled (pertinence,
coherence, rigour) and their scientificity, also with reference to the
international panorama.

This was the moment in which the idea of a permanent seminar arose, with
the aim of promoting and refining the Italian research in, creating a common
style of work, finding out research issues to face together and getting out of
cultural isolation and achieving a specific identity within the community of
mathematicians. G. Prodi played here a very important role both from
scientific and political point of view.

In May 1986, a document produced by the members of the nuclei of research
with the support of the CIIM (Italian Commission for the Teaching of Mathe-

Excerpt from the document presented by M. Polo at the first session of the
National Seminar

Maths education as a scientific discipline is being built right now and I think that
first of all we have to analyse the difference between "observation" and
"experiment" as research methods. I am speaking of the deep distinction that
experimental sciences make between the two "momenta". It might seem an
artificial distinction, but indeed it is fundamental because it concerns the study
phase that must take place before any experiment. Only after a priori explicit
hypotheses it is possible to construct and carry out an experiment to highlight
and study the functioning of a given phenomenon; which also implies that these
hypotheses, or part of them, can be discussed also in a second phase, during the
analysis and "study" of the results of the experiment.

Indeed, even the mere observatlon of a phenomenon happening can be useful to
widen ist knowledge; but "making an experiment" on a given phenomenon
without the right analysis methods doesn't necessarily mean to consequently
"widen" its knowledge.

So, we have to analyse how we have constructed our experimentation till now,
which methods and tools have built the structure of our researches. 1 think that
this work 1s necessary, because it is the first step towards understanding
ourselves and being understood, and it makes us more reliable, so that all we say
and write has a common root.

Without the will to understand and be understood, we are not going to go any
further. We would stop, because the whole heritage of experience and the
precious work we have done cannot be wasted, if we believe in our profession of
researchers and in the meaningful commitment that we have in front of all the
social components involved in our work.

matics)’ suggested the creation of a "National Seminar for Research in
Mathematics Education". Such document was discussed, modified and

7 CIIM was born in 1908 from within ICMI, and it became part of the Italian
Mathematical Union (UMI) in 1975.
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approved in a special meeting held in Pisa on June 21, 1986, which can be
considered the birthday of this institution 8

The foundation document illustrated the structure of the seminar: six-monthly
seminar sessions held by a presenter, with the participation of a reactor and of
experts from outside the didactic community. The task of choosing the
presenters and organizing the seminar sessions was up to a committee elected
every year from among the participants to the seminar.

The first committee, which founded the seminar, was constituted by F.
Arzarello, P. Boero and E. Gallo. It organized two session devoted to
researches in the field of compulsory school. The first one was theoretical-
experimental and concerned measure in elementary school® (presenters: M. G.
Bartolini Bussi and her staff). The second one concerned probability in
middle schooll0 (presenters: A. Pesci and M. Reggiani), and it was rather
oriented at creating didactical units for a three-year teaching project on this
theme (for more details on this and other seminars, see the summaries further
on).

In order to understand the kind of problems involved, it is very interesting to
read the excerpt of the document that M. Polo, reactor, presented at the first
seminar session with the aim of promoting a collective reflection on research
methodology, value and scientificity.

The second committee,!! constituted by M. Barra, P. Boero and M. A.
Mariotti (1987/88),promoted two other sessions on primary school: one about
the problems of teaching and learning geometry (presenter: M. Polo)!2: the
other, theoretically quite complex, about the cognitive and metacognitive
aspects of problem solving (presenter: F. Arzarello).13

Despite their structural differences, the researches presented had something in
common: they both presented theorizations starting from the results of
experimental studies carried out under specific research hypotheses. This was
a novelty in the researches that had been carried out so far (mainly
phenomenological ones), which testifies the evolution in research
methodology, offering a model for the whole community.

The third committee, composed by F. Arzarello, M. G. Bartolini Bussi and M.
A. Mariotti (1989/90), decided to organize two sessions on completely
different themes: the first was devoted to the introduction of the organizing
concepts of computer science into compulsory school (presenter: M.

8  This document was used as reference model by the commission for the manifesto of
the European society of researchers in mathematics education.

9  The work presented was then published in Bartolini Bussi (1990), Bandieri (1987),
Beretta & Andreini (1987), Tioli (1987).

10" The work presented is now in the volume Pesci & Reggiani (1987).

11 Ever since then, it was decided that one of the components was re-elected to create a
sort of continuity

12 This presentation is reported in Polo (1988, 1989).

13 A synthesis of this work was presented at the international conference PME 13 in
Paris (1989), see Arzarello 1989.
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Fasano)!4; the second one, concerning middle school (presenter: P. Boero),
was a critical-theoretical analysis of the results of experimentations belonging
to projects of long-term curricular innovation which had been carried out by
the presenter. There experiments were strongly connected to specific real
contexts.!5 For such analysis, focused on the problems of conceptualization
and linguistic mediation, Boero introduced the concepts of "experience field"
and, more in general, "semantic field",!6 which today are quite frequently
referred to, but they were totally new then, so that the participants discussed
them for a long time.

This seminar, which dealt with quite complex themes, was a meaningful
contribution for the researchers community because of the many researches
that are at basis of it (see the relative file), involving many fields and opening
to the Vygotskijan thought.

A new committee, constituted by C. Bernardi, P. Boero and E. Gallo, started
its work 1in 1990, and initially it respected tradition by asking M. A. Mariotti
to present her studies on the interaction between images and concepts in
geometrical reasoning.!” The second seminar, however, was something
different: the community was offered a moment of reflection with a session
on the meaning of didactic research and of its social impact (feedback in
teachers' training, at-large useability of the researches, etc.).

Unlike the past, this time the session was held by many presenters, in that it
offered two round tables: one concerning the relationship between didactic
research and teaching (presenters: N. A. Malara, C. Mammana, V. Villani),
the other discussing the status of Italian research till then (presenters: F.
Arzarello, P. Boero, B. Scimemi). There were also a presentation by M.
Pellerey on the main research models in foreign maths education, a
presentation by the teachers M. Rocco, C. Testa and M. Trevisan on the role
of teachers and pupils in research, and a general presentation by G. Prodi.!?
Many debates arose, during this seminar, to discuss how it is possible to
promote a stronger impact in schools and obtain the right acknowledgement
by the institutions of education. The theory-praxis conflict emerged right then
for the first time, and some researchers, like Bartolini Bussi, supported the

14 The essential elements of this presentation are reported in Fasano (1989).

15 The results of this seminar were then discussed by Boero in his plenary conference at
PME 13, Paris (see Boero 1989).

16 Boero writes: "the definitions of 'experience field' and 'semantic field' given in this
report are still approximate: they should be explained most of all by the examples, but
on the other hand they are so 'fluid' because the more examples (and 'episodes' and
'cases' connected) I consider, the concepts of 'experience field' and 'semantic field'
evolve.

17 Some of the results of this seminar can be found in Mariotti (1989) and Mariotti et al.
(1987).

18 Some contributions to the round tables have been published, see Arzarello (1992),
Boero (1992), Malara (1992), Prodi (1992).
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possibility of making a didactic research not necessarily conditioned by the
question of social feedback..

This seminar, with such wide discussions, was a turning point in the history
of our community: it realized the importance of the work carried out in a
decade, the role of teachers, some of whom had actually become researchers
in the meantime,!® and it could see very clearly that the researches were
evolving after a quite complex methodological model, which in the end is
typical for Italian research. This model considers simultaneously the
mathematical issues in their historical and cultural dimension, the innovative
pedagogical questions of verbalization (written and oral) and classroom
discussion and teachers' training.20

It was then decided to make a yearly seminar and to keep the same committee
for two years.

Also thanks to the results of the latest discussions following committee,
constituted by N. A. Malara, C. Marchini and C. Morini (1992/993), started a
new phase in the planning of the seminar session: the choice was no longer to
have single presenters who would talk about their own researches, but rather
to assign a research theme to a group of researchers. This was meant to
promote the co-operation among researchers coming from different cultures
and areas (which until then had not been pursued) and to strengthen the
researches in the field of secondary school, which until then, owing to
specific historical ad social reasons (see table 2), had been weaker than the
others.

The presenters invited were asked to give a precise overview of the status of
international research, with special attention to new trends and
methodological

Excerpt from the final survey on the management of the National Seminar
in 1992/93

[...] Just a few words to say how we have worked, or better, to show the goals we
have chosen to pursue. [...] The first goal was to make the management of the
Seminar open to any suggestion coming from the community, since we intend to
make something for the growth of the community itself. Our tools have been the
questionnaires and the meetings between the members of the committee and the
directors of the various nuclei. Moreover, we have tried inviting as many experts
as possible to the sessions, in order to give more room to dialogue and a
possibility of confrontation among the different voices and styles. We have
offered surveys and reviews, in order to give to the researchers in didactic a
panorama of the present trends on the themes chosen, thanks to the experience of
those who work with these themes.

One of the ideas that we have not enacted was to manage the seminar through a
call for papers. We of the committee wanted to carry out this innovation, and in

19 Navarra & Deplano (1992) is a document of those times about the nature and role of
teacher-researchers.
More on these questions can be found in the paper by Arzarello in this book.
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the meantime we didn't want to become judges of the products that could be
presented. So prudence guided us...

aspects, so that the participants could be inspired as to new themes for future
researches. The themes presented concerned two traditional teaching areas,

1.e. algebra and geometry.
The first seminar contained the joint contribution of F. Arzarello, L. Bazzini, and G.

Chiappini for middle school, where they presented an interesting teoretical model on

the development of algebraic thought, which is still a reference model for all

Italian researchers dealing with didactic of algebra.2!. As to secondary

school, the individual contributions by E. Gallo, F. Furinghetti and M.

Menghini concerned respectively: the problem of literal calculus, the

approach to the concept of function and semantic-syntactical questions

connected to the use of the algebraic language, also with reference to

history 22

The novelties in this seminar were: a) an important joint work of theoretical
research, carried out especially for this occasion; b) the evident necessity that
reactors belong to the research field of maths education, so that they are able
to seize the value of the researches in the international context and make
useful considerations for the presenters.

The seminar about geometry23 focused on epistemological aspects, and it was
held by F. Speranza who, for this occasion, analysed the evolution of the
concept of space according to the points of view of the various ages (see the
summary file or, more widely, Speranza 1994). Other important presentations
came from M. G. Bartolini Bussi, E. Gallo and M. Menghini; the first two
concerned the methodologies used in their researches (carried out respectively
in primary and in secondary school),24 the third regarded epistemological
questions and their influence on the teaching.2> Moreover, there were
presentations of surveys of researches in the field (Grugnetti, Mariotti, Polo,
Vighi) and videos on exhibitions and didactic experiences on the theme
chosen (Vighi, Villani and Zuccheri).26

21 This work was gathered in a book (Arzarello et al. 1994) and was discussed in a
forum at PME 19 (Recife, Brasil), see Arzarello et al. (1995).

22 Some aspects of these contributions to the seminar can be found in Chiarugi et al.
(1990), Gallo (1994c, 1994d), Gallo et al. (1994), Menghini (1994a).

23 This theme was chosen according to the fact that the ICMI Study on Geometry had
been announced.

24 See Bartolini Bussi (1996), Bartolini Bussi & Pergola (1996), Gallo e al. (1991),
Gallo (1994a, 1994b, 1995a).

25 This is reported in Menghini (1992, 1994a), Maraschini & Menghini (1992). This
contribution highlighted the value of a teaching path aiming at theoretical thinking
through an operative genesis of geometrical concepts.

26 The video on the interesting lab-exhibition 'beyond the mirror" is enclosed in Zuccheri
(1996).

39



From all researchers' point of view, we must underline that though crossed by
various visions, the structure of the seminar became stronger and more
institutionalized in the Nineties. Within this structure, special commissions
were specifically created in order to document the Italian researches.

The first of these documentary studies, edited by M. Barra, M. Fasano, M.
Ferrari, F. Furinghetti, N. A. Malara, F. Speranza, was a booklet containing
the synthesis of the work done in the Eighties on psychology of maths
education, which was given to all participants at PME 16 (Assisi, 1991). To
create this booklet, the commission made a selection of all the abstracts they
had received. One of the criteria for selection was that the articles must have
been published on at least national scientific reviews.

The second study (Barra ef al. 1992) was more complex. It concerned the
realization of a book for ICME 7, which was then introduced in a national
presentation (Quebec 1992). The first part of this book traced the main steps
and the relevant choices made for mathematics education in Italy from our
national Unification to now. It was divided into the following historical
periods: 1) from Unification to the first post-war period (1861-1921); the
fascist period (1922-1945);

3) from the second post-war period to the Nineties (1945-1992).27 The second
part of the book, realized with everybody's contribution, contained a selection
of papers appeared in Italy in the decade 1980-1990 in all research fields of
maths education 28

In 1994 a new committee was elected: N. A. Malara, M. Menghini and M.
Reggiani 1994/95). It was then, that a proposal of the previous committee
(see table 2) was accepted: themes and presenters would no longer be decided
autonomously by the committee, but rather chosen (still by the committee)
from among researchers' self-nominations, which however should be well
documented and substantiated. This committee also carried out and approved
a new formulation of the document of constitution of the national seminar.
This further innovation was an important moment for the growth of the
community: the scientific ripeness and autonomy achieved by many
researchers was now fully acknowledged, as well as the new spirit of co-
operation introduced, respectful of all components and fully responsible for a
constitution project of an Italian scientific community in this field.

So, the following seminar sessions were chosen from among the proposals
presented. From 1993 to 1995, three sessions took place.

The first seminar of the three was devoted to representation in mathematics,
and it was realized by P. L. Ferrari, E. Lemut, M.A. Mariotti and A. Pesci,

27 The themes discussed concern school organization (syllabuses, textbooks, teachers
training), reviews and other publications, associations, mathematicians' contribution to
the improvement of maths education.

The selection was quite a demanding work, which took the committee long time for
reflection and the reading of many of the articles presented by the authors.
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working together for the first time. After a common theoretical framing of
representation, each of the presenters analysed the theme from a specific
viewpoint, with precise reference to their studies. More precisely, Ferrari
analysed the role of figures in enacting problem solving strategies and their
"operatory state", Lemut studied the influence of representations in the
production of hypotheses for the solution of verbal problems by primary
school pupils, Mariotti discussed the role of drawing in its relation (or
conflict) with geometrical representation, Pesci analysed the role of graphical
mediator in mathematical visualization and learning, lingering in particular on
the role of tree graphs in the development of probabilistic reasoning at middle
school level.2?

There was something new in this seminar: among the reactors there were,
beside a pedagogist, A. M. Aiello, the elementary school teacher F. Ferri and
the middle school teacher R. Iaderosa, both excellent researchers.

The second seminar concerned a new theme for the research tradition (which,
has we have seen, concentrated mainly on compulsory school), and rather up-
to-date: the problems about the mathematical knowledge of freshmen at the
faculty of mathematics, which can be framed in the more general social
problem of the passage from secondary school to university.

This research, which is wide and very well documented, was carried out by G.
Accascina and a group of secondary school teachers: P. Berneschi, S.
Bornoroni, M. De Vita, G. Della Rocca, G. Olivieri, G P. Parodi, F. Rohr. It
was based on a quite long questionnaire concerning basic mathematical
issues, which was aimed at studying the connection between the knowledge
presumed by secondary school teachers, the knowledge expected by
university professors and the students' actual knowledge. P. Boieri and C.
Fiori were invited to present similar researches carried out, respectively, at
the Polytechnic University of Turin and at the Faculty of Science and
Engineering of the University of Trieste.30

The third seminar concerned the researches on the learning of numbers in
elementary school. It was carried out by P. Boero together with E. Scali,
teacher-researcher, and by L. Cannizzaro with P. Crocini, teacher-researcher.
After a historical framing (Frege, Peano, Enriques as to the cardinal, ordinal
and measure aspects of numbers) and a cognitive, psycho-pedagogical
introduction (from Piaget to the more recent researches of constructivist
approach, of activity theory and reification), Cannizzaro and Crocini
presented their research on the spontaneous conceptions of numbers and
operations at the beginning of elementary school, whereas Boero and Scali

29 On the contributions presented, see Ferrari (1996), Lemut & Mariotti (1995), Mariotti
(1996), Dettori et al. (1996), Pesci (1994).

30" On the contributions presented, see Accascina et al. (1998), Boieri & Tabacco (1995), Boiti &
Fiori (1997).
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analysed the long-term evolution of numbers mastery in the Genoa project
"Children, teachers, reality".3!

It is in this period that the seminar accepted N. A. Malara's proposal to
publish a book for ICME 8 (Seville, 1996), containing essays on the
researches carried out in Italy in the previous 8 years. The book, called ltalian
Research in Mathematics Education: 1988-1996, was edited by the
commission in office. It contained wide reports on the following themes:
arithmetic; algebra; intuitive geometry - rational geometry; logic; analysis;
probability, statistics and mathematics applied to other disciplines; computers
and mathematics; history and epistemology; problems; mathematics and
difficulties; theoretical models of teaching-learning processes; image,
conceptions and spreading of mathematics. It was created thanks to the
contribution of 34 researchers, working in small groups, and presented in
Seville by a delegation of authors.

The following committee was constituted by P. L. Ferrari, M. Reggiani and
R. Zan (1996/97). Choosing from among the proposals made, they organised
two seminars. The first was devoted to the impact of multimedial systems on
mathematics and presented by M. R. Bottino and G. P. Chiappini as well as
A. R. Scarafiotti and A. Giannetti. The second concerned the problems in the
passage from arithmetic to algebra in middle school and was presented by N.
A. Malara and the teachers-researchers L. Gherpelli, R. Iaderosa and G.
Navarra.

In the first seminar, after a theoretical framing about the kind of mediation
offered to the learning of mathematics by microworld-based systems, Bottino
and Chiappini presented the ARI-LAB system (created by them) and the
results of some experimentations,32 whereas Scarafiotti and Giannetti lingered
on the use of hypertexts in the didactic of mathematics, also producing
research results on this topic. The second seminar, focusing on the theory-
praxis relationship, regarded a complex study on: a) changes of knowledge
and conceptions in teachers involved in an innovative project on the approach
to algebra, b) pupils' cognitive and metacognitive achievements.33

The commission elected in 1998/99 was constituted by L. Bazzini, L. G.
Chiappini and P.L. Ferrari . Two seminars were organized about coordinated
researches on the approach to theoretical thinking, carried out at different
school levels by F. Arzarello, M. G. Bartolini Bussi, P. Boero, M. Mariotti
and their staff. the first seminar, presented by Bartolini Bussi and Boero with
the contribution of R. Garuti and L. Parenti, was devoted specifically to
compulsory school and studied the processes of construction of the meanings
of statement, of theorem starting from real-life situations and, at a more

31, Reference to what exposed can be found in Boero (1990, 1994), Cannizzaro (1992, 1993),
Scali (1995).

32 See Bottino & Chiappini 1997a, 1997b.

33 See Malara (1996, 1997), Malara & Gherpelli (1996), Malara & Iaderosa (1998 and 1999).
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advanced level, of theory through the mathematization of complex
situations.34 The second seminar, presented by F. Arzarello and M. A.
Mariotti with the contribution of F. Oliviero, D. Paola, O. Robutti, was
devoted to secondary school and dealt with the use of Cabri to formulate
conjectures in activities of geometrical exploration. In particular, it examined
the role of this environment, also with reference to other mediation tools such
as paper and pencil, in the passage from the experience phase to the
theoretical one on constructing statements to be demonstrated and on proving
them.35 The researches presented in both seminars were based on the
following theoretical constructs: a) experience field (introduced by Boero);
mathematical discussion (Bartolini Bussi), theorem (Mariotti ef al.), cognitive
unit (Garuti et al.). In these seminars, the themes were presented from many
different points of view (didactic-methodological, cognitive, historical-
epistemological, etc.), with the control of the different variables in each of the
points of view considered, as it appears in the files, which purposely contain
more details than the previous ones. These many aspects witness the growing
complexity of the trends of the most recent Italian research.

In particular, it must be underlined that for the first time, in the last seminar,
among the presenters there were young researchers and PhD students, who
worked with remarkable competence and autonomy.

It was then decided to publish another book (an ideal sequel to the previous
ones), this time for ICME 9 (Tokyo, August 2000), to illustrate the Italian
researches carried out in the second part of the Nineties and to start tracing
the history of the National Seminar (this paper is the result of such intention).
The community invited the committee in office to edit the book together with
Malara, since she had gained experience in the edition of the previous ones.
The committee which is currently in office (L. Bazzini, L. Cannizzaro and
G.P. Chiappini) was elected in December 1999 for the biennium 2000/01.
Since there are now many young researchers in the nuclei, the committee
approved the wish expressed by many participants that these young
researchers should organize the next seminar session (January 2001)
completely on their own, so as to promote their cooperation as well as their
individual growth. The theme chosen, "The difficulties in learning analysis"
in secondary school and at university, is based on their current experiences,
some of which are going on abroad.

This seminar shall mean an important generation renewal in the spirit of ideal
continuity.

34 Qee Bartolini Bussi (1998), Bartolini Bussi ef al. (1999), Boero ef al. (1996, 1997,
1998, 1999), Garuti et al. (1996, 1998), Parenti (1999?).

35 See Arzarello et al. (1998 and 1999a, 1999b, to appear), Mariotti & Maracci, Mariotti
etal. (1997).
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SHORT REPORTS OF THE SESSIONSOF THE “ SEMINARIO NAZIONALE”

1* session (January - February 1987)

Theme: Measure in primary school3°

Speakers: Maria G. Bartolini Bussi (Universita di Modena e Reggio E.),
Paola Bandieri (Universita di Modena e Reggio E.), the teachers: Cristina
Tioli, Annamaria Andreini, Fabiola Beretta (of the research group of the
Universita di Modena).

Reactors: Claire Margolinas (Universita di Parigi) and Giovanni Prodi
(Universita di Pisa).

The speakers, even though they are aware that the concept of measure may be
investigated from different perspectives (for example, it plays a major role in
the approach to natural numbers, to rational-decimals and to reals), adopt a
geometrical standpoint, dealing with lengths, areas and volumes and
supporting the comparison to the approach to measure proper of experimental
science.

The seminar is organized in two parts, in the first theoretical aspects are dealt
with, in the second results of specific studies are presented; more precisely:
Theoretical aspects

Introduction and reference frame (Maria G. Bartolini Bussi);

The theory of quantities in geometry (Paola Bandieri)

Measure in experimental science (Cristina Tioli)

Specific studies

Projects and textbooks analysis (Maria G. Bartolini Bussi)

A study in a kindergarten (Maria G. Bartolini Bussi)

A workshop in primary school (C. Tioli)

A multidisciplinary study (A. Andreini, F. Beretta).

As this was the first session of the National Seminar, more than on specific
results, the presentation has focused on methodological aspects of the
different studies in order to start a debate on epistemological and
methodological foundations.

2" session (July 1987)

Theme: Probability in Middle School37
Speakers: Angela Pesci (Universita di Pavia), Maria Reggiani (Universita di
Pavia), Carla Joo (teacher of the research group of the Universita di Pavia)

36 Abstract by M.G. Bartolini Bussi.
37 Abstract by A. Pesci and M. Reggiani
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Reactors: Mario Barra (Universita di Roma), Elda Guala (Universita di
Genova), Fortunato Pesarin (Dipartimento di Statistica, Universita di
Padova).
In this session has been presented and discussed the part related to probability
of a study on the teaching of Probability and Statistics in Middle School,
carried out from 1979 to 1985 by the research group of the Universita di
Pavia.
Organization of the Seminar:
1. Short presentation of the content matter of the project
Classical definition of probability as ratio proposed through the model of
the box, use of tree-graphs as a tool for the resolution of conditional
probability problems, some application to genetics, the law of large
numbers.
A characteristic of the project are remedial and improvement activities
related to other subjects usually dealt with at the same level, like fractions,
percentages, functions, equations, inequalities, literal calculus.
2. Motivation of some choices
Some choices related to contents and presentation methods, both with
reference to different conceptions of Probability (classical, subjective,
frequentist, ...) and to an axiomatic theoretical presentation have been
motivated through their insertion in a theoretical and epistemological
frame.
3. Methodology
The Project methodology has been discussed as concerns both the
planning stage with the teachers and the activities in the classes. Related to
this aspect the role of teacher as a coordinator of the works carried out by
students on individual or group tasks.
4. Presentation of some stages of the work in class.
. Protocols related to single students' individual activities and have been
presented and discussed, dealing with evaluation and difficulties as well.
6. Comparison with other research lines on the same subject.

)

3" session (December 1987)

Theme: Teaching and learning problems in Geometry. A preliminary study
for the construction of a didactical situation: reference system and space
geometry

Speaker: Maria Polo (Universita di Cagliari).

Reactors: Maria G. Bartolini Bussi (Universita di Modena), Vinicio Villani
(Universita di Pisa)

The research under discussion, developed at the 'equipe de recherche en
didactique des mathématiques' of the University of Grenoble, belongs to the
area of studies on the problems posed by 'matural language' and 'scientific
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language' in learning environments. It concerns a class situation in which the

use of natural language to express space geometry concepts and relationships.

More precisely, it is a didactical situation experimented in three primary

school classes, requiring two different stages of coding and decoding of

written messages with no pictures. In the first stage pupils can dispose of an
object made up of embeddable cube units that they are asked to describe

(without disassembling it) in a message in order to anable others to build it

again; in the second stage the goal is the reconstruction of the object, with the

availability of cube units, on the basis of a message produced in the first
stage.

From a methodological perspective, the study has developed into: a) a priori

analysis of the situation with the recognition of children knowledge and of the

strategies they possibly could enact; b) observation of the experimental
process, analysis and processing of results.

Organization of the Seminar:

1) Introduction, knowledge-oriented stage of the experience (reconstruction
of the experimental device through small group work), systematization
and first theoretical framing of the experience in class;

2) Theoretical frame of the research: references to other fields (psychology
and history of mathematics, ...), references to issues belonging to
mathematics education (space geometry teaching and learning, theory of
situations);

Description of the experimental device (the models of expected strategies, the

models of pupils' conceptions), analysis of some conjectures formulated in

connection to the goal of the study and their evaluation through the analysis
of protocols, the description and analysis of results.

4™ session (May 1988)

Theme: Cognitive and metacognitive aspects of problem solving in primary
school.

Speaker: Ferdinando Arzarello (Universita di Torino).

Reactors: Carlo Dapueto (Universita di Genova), Claude Janvier (Cirade,
Canada)

The Seminar is divided into two parts. In the first one, after a survey of
related literature, a model for the analysis of problem solving activities is
presented which has been developed by the speaker and his team. Such model
is based on the assumption that the resolution of a problem requires: 1) a lot of
structured knowledge on the field the problem deals with, ii) a system of
procedures to represent and trasform the problem, iii) a control system to
guide the selection of knowledge and procedures in order to find a solution;
from the integration of knowledge (as a corpus of ideas) and processes (both
cognitive and metacognitive) the pupil builds conceptual models
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(i.e.cognitive structures) which allow him or her to succeed in problem
solving. Such model are affected by contextual, relational, lexical data, and
for this are unstable; they progressively become stable if the pupil can start
the control processes in order to integrate and discriminate them related to the
various problem situations. A conceptual model becomes stable when a good
balance is attained between the polarity pairs ‘semantics-syntax’, ‘natural
language-formalized language’ and the four connected basic fields (context,
vocabulary, algorithms, mathematical ideas).

The question dealt with is the study of how these factors affect the integration
and reinforcement process which determines the transition from unstable to
stable models.

Such investigation is carried out from different perspectives, according to the
situation and the contract (with analysis of processes vs. concepts, local vs.
global aspects, bright vs.poor problem solvers’ behaviors, attainment vs.
failure, individuals vs. groups).

The cognitive, metacognitive, epistemological questions arisen include: short
cuts in deduction and by-passes; integration between solution and
representation; instability of conceptual models; cognitive adjustements;
choice, control and application of unstable models; influences of contract on
the use of models; pupils’ beliefs; link between intuitive procedures and their
formal counterparts.

The second part is devoted to the experimental aspects of the study and to the
theoretical arrangement of results. At first the criteria by which pupils’
productions are analyzed to focus on cognitive adjustement processes are
presented. Such criteria consider conceptual models from two viewpoints: a)
in their relationship with mathematical knowledge as organized by the pupil;
b) in their organization and differentiation processes in relation with the
variety of problem situations involved in the problem field under
investigation, the text and the context.

Through the comparison of the detailed investigations carried out from the
two perspectives, pupils’ conceptual models in the fields of additive and
multiplicative problems are taken into account and a hierarchy of cognitive
models used is defined. Such hierarchies result largely consistent with other
well known ones, like Carpenter & Moser’s classification of additive
problems and Vergnaud’s classification of multiplicative ones (extending this
last one in various ways), and moreover, the theoretical frame developed
seems more flexible and befitting from an educational standpoint.

5™ session (December 1988)

Theme: Introduction of basic ideas of computer science in primary and
middle school
Speaker: Margherita Fasano (Universita di Roma “La Sapienza™)
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Reactors: Fabrizio Luccio (Universita di Pisa), Michele Pellerey (Pontificio
Ateneo Salesiano, Roma)

The seminar is divided into two parts. In the first one, after recognizing the
social value of the teaching of computer science, we deal with the problem of
what is to be introduced in primary and middle school and how to provide
basic instruction aven without the availability of computers. In our approach
computer science is regarded as a field linked to all the subject matters and
five 'organization concepts' are devised: information, databases, algorithms,
automata, systems of transformational rules, regarded as elements around
which it is possible to build a network of links related to other concepts, not
only from computer science. Focusing on and representing the relationships
among these elements and other ones taken into account successively, a
general conceptual map is built up, even if potentially improvable and
extendible, that make easier the global control of them and points out the
widespread role of computer science.

Some results are reported from psycholinguistics and evolutive and cognitive
psychology that sketch models of the organization and structure of the
knowledge stored in human memory, through hypoteses on the ways by
which data are gathered, processed, encoded, memorized. The fundamental
role played by language in the communication of information is stressed and
the contributes of computer science in the explicitation of thought processes,
in communication and in the support to symbolic thinking. An interpretation
of the official curricula for primary and middle school is provided, focusing
on both metodological suggestions and general purposes, and the contents
(not only mathematical ones), from the perspective of concepts and skills
proper of computer science education.

In the second part the pedagogical problem of the organization of teaching
sequences is dealt with. An interpretation of conceptual maps, previously
presented in a context of teaching planning based on contents, and a
taxonomy of general and specific goals is added (according to Metfessel &
Michael) about skills that are to be acquired.

Three schemes are presented that express the links between: a) basic goal -
organizing concepts; b) organizing concept - subject matter; c) goal -
organizing concept - subject matter.

(The specific-goal oriented taxonomy considers: prerequisites in terms of
‘know how to do’, knowledge in terms of organizing concepts of computer
science, logical skills, operational skills, attidudes, resources, applications).

6™ session (May 1989)

Theme: Semantic fields in the teaching and learning of mathematics:
reflections on the conceptualization and linguistic mediation problems
related to curricular innovation experiences
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Speaker: Paolo Boero (Universita di Genova)

Reactors: F. Arzarello (Universita di Torino), C. Dapueto (Universita di
Genova).

The Seminar is devoted to a theoretical and critical revision of the Genova
group projects for teaching in primary and middle school, coordinated by the
speaker, focused on mathematization activities of reality and on the
construction of mathematical concepts and skills as tools for knowing real
world. A common feature of the projects is the fact that the work of
construction of such concepts and skills is carried out in different fields,
mostly through processes that aim at rationalizing pupils’ experience and
their knowledge of important aspects of their environment, arranged in
thematic areas that develop in a gradual and systemic way during long
periods. In the Seminar, at beginning, the motivations of the theme of
research are presented related to various aspects: 1) the frame the group’s
research in locally included and the question of transferability; the status of
educational research and innovation in Italy; iii) the status of international
research and the question of the quality and coordination of italian presence.
We focus on methodology related to the data used (case-studies, (possibly
long-term) episodes of work in class, clues resulting from non systemic
observations by teachers or researchers in a number of classes, standard
assessment) and underline that such variety of data allow us to provide a
dynamical insight of the research developed and to corroborate results better
than with the use of standard assessment only.

Afterwards we go deep into the research with the presentation of the
theoretical definitions of ‘experience field’ and ‘semantic field’, introduced in
order to plan and analyze the educational re-contextualization of
mathematical knowledge with special care to the context linked to real world.
In particular the concept of semantic field, that is the idea around which our
research is organized, and is devised as a link between ‘experience fields’ and
‘conceptual fields’ (Vergnaud). Some problems of concept and procedure
construction linked with semantic field (cognitive functions of semantic
fields, the role of teachers, the management of work in class) are presented
and the question of linguistic aspects of the relationships between knowledge
of reality and teaching /learning of mathematics is dealt with, with some
effort in order to point out the conditions that make such relationships more
productive. This last point is treated more diffusely pointing out the role of
verbal language (at the levels of vocabulary, syntax, textual and about the
euristic or planning function, about the explicitation function and the
reflection function in connection to metacognitive aspects), of algebraic
language and its functions (stenographic, generalizing, transformational), of
iconic or, more generally, graphic language.

The research is framed in literature with reference to various settings: a)
mathematics education (the theory of didactical situations (Brousseau), the
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recontextualization of mathematical knowledge, from a theoretical standpoint
(Chevallard) or more directly related to teaching engineering (Douady); b)
studies of ethnologic educational character (Bishop, Carraher, Nesher); c)
studies on the implications of constructivism on the construction of
mathematical concepts and skills in school environment (Kilpatrick, Sinclair,
Vergnaud, Cobb); d) studies in psychology of learning on the role of external
context in problem solving (Lesh), in the activation of the concepts of number
and operations (Gelman, Moser); in psycholinguistics (French, Nelson); on
conceptualization processes in a cognitivist paradigm (Nelson, Schank and
Abelson, Olson, Pontecorvo) and, mainly, in reference to Vygotskij's work
(influence of verbal language and teacher's mediation on the development of
mathematical thought).

The main statement of the study, supported by detailed references to teaching
experiments planned according the theoretical constructs presented above,
claims that the activities focused on the knowledge of real world, if guided
and linguistically mediated by the teacher in a suitable way, provide a number
of opportunities of a deep and effective construction of mathematical
competence at different levels (from the level of concepts and procedures that
directly take part in the knowledge of real world to the level of conceptual,
linguistic and metacognitive prerequisites necessary for 'internal'
mathematical activities on mathematical 'objects'). Some shortcomings of
teaching practices organized according to semantic fields as a possible
foundation for mathematics education and some critical points in the related
teaching planning are pointed out.

7™ session (January 1990)

Theme: The interplay between images and concepts in geometrical reasoning
Speaker: Maria A. Mariotti (Universita di Pisa)

Reactors: Ciro Ciliberto (Universita di Roma “Tor Vergata”), Clotilde
Pontecorvo (Dipartimento di Psicologia, Universita di Roma “La Sapienza™)
Guest reactors: Gabriele Di Stefano (Dipartimento di Psicologia, Universita
di Padova), Pasquale Quattrocchi (Universita di Modena), Carlo Scoppola
(Universita di Trento)

The seminar deals with geometrical figures and their dynamics in the
development of geometrical thinking. Geometrical figures are referred to as
‘figural concepts’ (FC) for their double identity as mental products that
express concepts, and figural entities apt to represent spatial relationships
(Fischbein). The presentation starts from the consideration that a figure that
represents some geometrical problem may be mentally arranged in
completely different ways according to theory the problem is considered
within. For example, if one considers the problem “draw a circle and a point
P outside it, draw the tangents from P to the circle and name H, K the contact
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points; prove that PH and PK are equal”, the treatment of the figure changes
if one regards the problems within euclidean geometry or transformation
geometry.

Therefore there are two control systems, one related to figural aspects, the
other to logical-conceptual ones, that regulate the dynamics of FC.

The study is based on the hypothesis that the congruence between the figural
and conceptual aspect is usually only partial and not always well balanced,
and even conflictual in some cases. In particular, the prevalence of a kind of
process on the other may provoke some fracture between the two aspects,
which leads to errors, difficulties, misconceptions.

Then a study is presented aimed at investigating on the dynamics of FC
related to a specific problem: the development of a polyhedra and,
conversely, their reconstruction, with no physical model available (in order to
promote a purely mental processing). The problem has been chosen for the
small amount of geometrical knowledge involved, because it requires good
skills of mental visualization and reasoning and because of the opportunity of
finding different versions with increasing degrees of complexity. The solids
taken into account are a cube, a right-angles parallelepiped, a regular
tetrahedron and a prism with triangular base. The research method consists of
interviews with a pre-arranged scheme of questions, based on the convinction
that just dialogue may show more clearly the interactions figural-conceptual
within pupils’ mind. A number of hypotheses, arisen from a previous
observational study, are tested like for example: 1) in problem solving, the
partition of the problem into autonomous and meaningful sub-units by the
pupil; ii) in reconstruction problems, the correlation between the complexity
of the task of recognizing the pairs of sides that are to be matched and the
number of operations required. The influence of verbalization on the show of
the interactions figural-conceptual within the description of the resolution
process of a problem.

8™ session (December 1991)

Theme: Educational research and teaching practice

Speakers: Ferdinando Arzarello (Universita di Torino), Paolo Boero
(Universita di Genova), Nicolina A. Malara (Universita di Modena), Carmelo
Mammana (Universita di Catania), Michele Pellerey (Pontificio Ateneo
Salesiano, Roma), G. Prodi (Univ. Pisa)., Benedetto Scimemi (Universita di
Padova), Vinicio Villani (Universita di Pisa). The teachers: M. Rocco (nucleo
di Trieste), C. Testa (nucleo di Torino), M. Trevisan (nucleo di Pavia)

Guest reactors: Cesare Parenti, Mario Gattullo (Universita di Bologna)38

38 Parenti e Gattullo did not actually attend the seminar, the first for unknown reasons,
the second for an accident that brought him to death.
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The seminar is organized in two panels, respectively devoted to: a) research
in mathematics education (Arzarello, Boero, Scimemi); interplay between
educational research and teaching practice (Malara, Mammana, Villani).

In the first panel Arzarello outlines research trends of mathematics education
in Italy from the sixties, within the frame of the cultural and social contexts
they have been influenced by. The exposition focuses on the increased
complexity and improved scientific level of recent research, that takes into
account more variables and their relationships in the observation of teaching
and learning processes. Boero presents a study of his on algebraic formalism
as a paradigm of educational research. Scimemi points out the instability and
the weakness of research and the need of contacts with international research,
in order to both pick up ideas and make italian studies better known.

In the second panel the following points are discussed:

1) The influence of educational research on educational practice.

2) How to realize an acceptable way to evaluate projects: the problem of
reproducibility

3) Relationships between educational research and in-service training

4) Diffusion of results and different kinds of publications

Mammana and Villani underline the difficult problem of the evaluation of
studies as research products, and are sceptical on the effectiveness of the
influence of research on school practice. Malara, with reference to her own
professional experience and to some international studies too, claims that it is
possible to realize innovation and affect everyday school practice if
researchers work at the side of teachers and with the aim of getting them
acquire new perspectives and awareness. She particularly stresses the
problem of reproducibility, linking it to the problem of the control of basic
variables of the process of teaching and learning (teachers’ culture and
conceptions, customs and contracts in the class, interaction dynamics, pupil’s
participation and his/her involvement in the process).

Pellerey presents a wide survey on different, sometimes opposite, research
models that are adopted in the international context of research. Rocco, Testa
and Trevisan speak of their position as teacher-researchers and its
implications, with referenceto their own experiences in their research groups.

9™ session (December 1992)

Theme: Teaching and learning of algebra: state of things, methodologies of
research trendes and perspectives

Speakers: Ferdinando Arzarello (Universita di Torino), Luciana Bazzini
(Universita di Pavia), Giampaolo Chiappini (I.M.A.-C.N.R. - Genova), Elisa
Gallo (Universita di Torino), Fulvia Furinghetti (Universita di Genova),
Marta Menghini (Universita di Roma).
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Reactors: Carlo Bernardini (Universita di Roma), Laura Toti Rigatelli
(Universita di Siena).

Arzarello, Bazzini and Chiappini present a theoretical model on learning
processes in algebra. Such model is based on: 1) the results of experimental
studies that ascribe to interpretations many of the difficulties in algebra
learning; 11) the basic ideas of Frege's semantics, and in particular the well
known distinction between sense (Sinn) and denotation (Bedeutung) of an
expression (Zeichen); 1i1) concepts belonging to traditional linguistics,
semiotics and modal logic. As regards algebraic expressions, the authors
distinguish between its denotation (i.e. the set of numbers represented by the
expression related to a given number system), its algebraic sense (i.e. the
explicitation of how what is denoted may result from the application of
computational rules) and contextualized sense (i.e. the sense that the
expression acquires within a given knowledge domain). Starting from such
distinction and through the detailed analysis of specific protocols of algebraic
problem solving activities they model algebra education as a game of
interpretations through different resolution worlds, where by 'resolution
world' it is meant a world where a pupil can produce an interpretant related to
a given problem situation, and which is defined by the mutual relationships
among the components it is characterized by (the kind of problem, the sign
system adopted, the features of social interactions, the knowledge of the
subject, his/her attitudes). The central aspect of this model is anyway the
dynamics of functional relationships that occur between senses and
denotations of algebraic expressions.

Gallo deals with the problem of the teaching of literal calculus and presents a
detailed analysis of the mental dynamics and the kind of control activate by
the pupil in the resolution process of algebraic syntax problem. Furinghetti
presents a report on difficulties on the learning of the concept of function,
including epistemological ones, with a survey of the more relevant

contributions on this issue that can be found in literature. Menghini39
presents a report pointing out what is left of literal calculus in the last three
years of high school. She undelines the importance, from an educational
perspective, of the distinction between arithmetic and symboplic algebra,
according to Peacock, and of the extension given to semantic aspects of
algebra related to modelling and interpretation in non-mathematical contexts.
She raises the problem of the availability of some form of semantic control
related to the 'form' of the algebraic expression, or to some perceptual skill.
She presents at last the outcomes of an experiment about such issue, wich
point out epistemological obstacles and difficulties such as the transition to
symbols, substitution and generalization.

39 Abstract by M.Menghini.
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10™ session (December 1993)

Theme: Geometry: epistemology, research methodologies, present trends. 40
Main speakers: Francesco Speranza (Universita di Parma), Maria G. Bartolini
Bussi (Universita di Modena e Reggio E.), Elisa Gallo (Universita di Torino).
Other speakers: Lucia Grugnetti (Universitd di Parma), Maria Polo
(Universita di Cagliari), Vinicio Villani (Universita di Pisa), Luciana
Zuccheri (Universita di Trieste).
Reactors: Michele Pellerey (Pontificio Ateneo Salesiano, Roma), Paolo Boero
(Universita di Genova)
The complex contribute of F.Speranza, 'Some critical points from a
conceptual perspective regarding space' takes into account some conceptions
of space, regarded as implicit philosophies through which we look at it,
developing the issues by oppositions. He compares, in their historical
evolution, the conceptions of: inon-independent/ independent space;
absolute/relative space; homogeneous/non-homogeneous space;
isotropic/non-isotropic  space; bounded/unbounded space; finite/infinite
space; space as set of points/irreducible continuum; real space/form of our
perception; .... He widely treats the conceptions of space present in the
context of art and underlines how in such context some issues are dealt with
far before than in mathematics.
The contribute of Maria G. Bartolini Bussi 'Research methodologies: a case-
study' deals with the methodology of research that has been realized in the
group guided by her, with various research projects involving various school
levels:
» Teaching/Learning of Mathematics in Kindergarten
= Mathematical Discussion in Primary School (Perspective Representation
of the Visible World)
= Mathematical Instruments in High School (Curves and Transformations)
In the presentation the following issues are discussed:
1) Progressive and continuous construction of a theoretical reference frame
2) The relationship between the theoretical frame and the problems as they
are dealt with
3) The relationship between the theoretical frame, the problems and some
research results.
The contribute of E.Gallo 'Modelling and Geometry at the age of 14-16'
includes two parts: in the first some studies of the Group's are presented
classified into two themes on 'Geometry, perception and language' and
'Actualization and evolution of models in geometry problem solvingthrough

40 The abstracts of the contributes of Bartolini Bussi, Gallo e Menghini are by the
authors.
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the dynamics of control; in the second such studies are analyzed in order to

point out their type (phenomenological, qualitative, diagnostic) and, mostly,

their methodology (theoretical reference frame, compresence and

determination of didactical variables, evolution of observation methods).

The contribute of M.Menghini regards theoretical studies that may be

classified as historical-critical. Her purpose is to outline a clear survey of the

various positions concerning the teaching of geometry, related to both

educational goals and the philosophies underlying the various choices. Three

events are stressed which have strongly affected contemporary teaching:

1) The re-introduction in 1860 of Euclid's Elements as a textbook and the
progressive revisions leading to Hilbert 's 'Grundlagen der Geometrie';

2) Klein's Erlanger Program, Enriques' psychology-driven revision, Libois'
adjustements from a curricular and methodologic perspective;

3) Bourbakist revolution and the 'total' axiomatization of geometries.

The presentation focuses on: hypotetical-deductive structure and its

relationship with geometrical intuition; the foundation of geometrical figures

equality and the related function of 'motions' or 'transformations'; the purity of

geometry compared to arithmetic and algebra.

The contributes of L.Grugnetti, M.A.Mariotti, M.Polo and P.Vighi are some

surveys of recent studies in geometry published in international journals

internazionali (Educational Studies in Mathematics, For the Learning,

JERME, Journal of Mathematical Behaviour, Recherches in didactique de las

mathematiques, ...). Further contributes are given by P. Vighi, V. Villani e L.

Zuccheri regarding the presentation of educational videos in geometry.

11™ session (January 1995)

Theme: Representations in Mathematics and teaching-learning processes
Speakers: Pier Luigi Ferrari (Universita del Piemonte Orientale), Enrica
Lemut (I.M.A.-C.N.R.-Genova), Maria A. Mariotti (Universita di Pisa),
Angela Pesci (Universita di Pavia)

Reactors: Aiello (Istituto di Psicologia, Universita di Roma “La Sapienza”),
Franca Ferri (primary school teacher in Modena, researcher of the group
directed by M.G. Bartolini Bussi), Rosa laderosa (middle school teacher in
Cesano Boscone-Milano, researcher of the group directed by N.A. Malara)
The seminar starts from a theoretical analysis on the issue 'Representation in
Mathematics', with the presentation of some significant contributes from the
field of psychology and the comparison of the western approach (from Piaget
and Bruner to some recent contributes from the information processing
framework) to the Soviet one, focusing on Vygotskij's thought.

Then the speakers deal with representation in mathematics, presenting a
sequence of studies through which they point out:
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a) conflicts and deadlocks caused by the lack of integration of more
representation systems and of mastery of italian language as well;

b) advantages and limits of various representation systems (verbal-arithmetic,
algebraic, technology-based, ...) in the solution of the same algebraic
problem;

c) the pertinence, from a logical standpoint, of geometry proofs that involve
figures;

d) the mix of representations, old and new, used in the construction of the
concept of proportionality in a sparse way;

e) the problem of using concrete models in geometrical education.
Some theoretical contributes on representation in mathematics from various
authors (Vergnaud, Fischbein, Dorfler, Goldin, Duval) are presented as well.
In the second part each of the speakers presents one specific study of his or
hers. P.L. Ferrari exposes a study related to geometry problems at the age of
8-10, where he investigates the operational status of the figure in the
resolution process. E. Lemut deals with the interplay between the productions
of hypotheses and of representations, at the level of primary school.
M.A Mariotti investigates the role of the drawing in the modelling of real
phenomena, like sunshadows, analyzing the various ways of using it (from
prevision-oriented model to tool for reationalization). A.Pesci presents a
study on the use of tree-graphs in the solution of of composite probability
problems, comparing their role in different problem situations and pointing
out that it may be managed more easily if the temporal structure of the
problem situation is congruent with the temporal structure of the graph
generation.

12" session (October 1995)

Theme: Bridging problems in mathematics between high school and
university

Speakers: Giuseppe Accascina (Universita di Roma “la Sapienza”) teacher-
researchers: P. Berneschi, S. Bornoroni, M. De Vita, G. Della Rocca, G.
Olivieri, G.P. Parodi, F. Rohr.

Reactors: Pier Luigi Ferrari (Universita del Piemonte Orientale), Carlo
Marchini (Universita di Parma).

A study on mathematical knowledge of Mathematics and Engineering
freshman students is presented which is based on the conjecture that the
major difficulties of freshman students depend on the gap between their real
preparation, which is different from the preparation presumed by their high
school teachers, and their virtual preparation, i.e. the preparation presumed by
university teachers.

The research is based on a questionnaire, made up by 32 items (mostly
multiple-answer tests), on the following subjects: number sets and elements
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of logic, algebra, plane euclidean geometry, transformation geometry,

exponential and logarithmic functions, trigonometric functions, approximate

solutions. Such subjects are mostly common to mathematics curricula of
various kinds of school.

In the study, which is very detailed, can be found:

a) a comparison between high school teachers' and university teachers'
conceptions about students' competence with reference to the items of the
questionnaire;

b)a quantitative and qualitative analysis of students' answers related to
various issues and taking into account:

1) the high schools students come from (schools with different mathematics
curricula);
i1) the degree course they have chosen (mathematics or engineering).

As regards a), the study points out a clear gap between high school and
university teachers' conceptions (e.g.: the basic elements of plane geometry is
attained in the opinion of the first ones but not in that of the second ones);
still, there is a certain agreement as far as algebraic competence is concerned.
A common feature of the answers of the teachers of both levels is their
reference to a well fixed model of student, generally a student from the 'Liceo
Scientifico', which shows some lack of awareness about people attending
university mathematics courses, and is a serious problem on the side of
university. If teachers' expectation are compared to actual data, i.e. to the
answers effectively given by students, it seems clear that teachers of all kind,
but mostly university ones, use to overrate students knowledge, that appear to
be very poor from the results of the study.

From the comparison between Mathematics and Engineering students, the

second one appear to be more clever, which could depend upon the different

schools from which the two samples come. A comparison restricted to the
students coming from just one kind of school shows a substantial parity. This
provides a pessimistic insight on the cultural quality of the prospective
mathematics teachers. It is argued that to reduce these effects varied and
student-oriented remedial courses should be offered, based on a detailed

assessment in order to make each student aware of his or her own gaps. As a

conclusion, it is argued that some remedial activities usually proposed by

universities (like bridging courses) could even have opposite effect, just for
the lack of control on their actual results. The study is equipped with a wide
survey of analogous studies in Italy and abroad.

13™ session (January 1996)

Theme: The learning of number in primary school
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Speakers: Paolo Boero (Universita di Genova) and Ezio Scali primary school
researcher-teacher of his group, Lucilla Cannizzaro (Universita di Roma “La
Sapienza”) and P. Crocini researcher-teacher of her group.

Reactors: Ferdinando Arzarello (Universita di Torino), Rosetta Zan

(Universita di Pisa)

The seminar 1s divided into two parts. In the first one the theoretical reference

frame of the specific studies dealt with in the second part is presented. Such

frame takes into account various contributions from:

a) history and epistemology of mathematics (Frege, Peano, Enriques for the
cardinal, ordinal, measure aspects of number);

b) psycho-pedagogical and cognitive research (from Piaget to the most recent
studies within radical constructivism, activity teory or the process-object
paradigm);

c) psychological studies linked to neuro-physiological ones; statistic-
diagnostic studies on the mastery of number and of the knowledge of
number facts (Hart);

d) didactical studies on the teaching and learning of numbers, and in
particular those of the Brousseau's group (for their extension - from
enumeration to rationals - and paradigmaticality in the sense of 'didactic
research'), of the Dutch school (Streefland, Treffers, de Lange) and of the
Padova group, coordinated by C. Bonotto.

In the second part two studies are presented, coordinated by L. Cannizzaro

and P. Boero respectively. The first one, presented by P. Crocini, has been

realized in two times, based on pupils' protocols, records of interviews and
teacher's notes. It deals with the investigation of the competences constructed
by the child in his or her social interactions with adults, peers and the
environment, regarding numbers (counting, quantifying, reading and writing
numbers) and the operations (representing, taking note, computing). The
second deals with the investigation of the evolution of children's arithmetic
competences related to the problem situations, the contexts proposed and the
teacher's mediations in the frame of the Genova Project 'Children, Teachers,

Reality'. More specifically, the study involves processes of generation,

differentiation and meaning rupture of number related to the problem

situation proposed. In particular the focus is on:

1) the meaning 'value' of number in the experience field 'money and prices', as
a rupture of cardinality and in the perspective of the approach to positional
writing;

i1)the 'remainder problems' in economy, the mastery of meanings of
subtraction and the development of mental processes related to problem
solving;

ii1) the additive decomposition processes, the development of mental
processes related to problem solving and the generation of the meanings of
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the operations of addition and subtraction and their properties as 'theorems
in action'.
The methodology adopted is 'based on temporal sections' of the long-term
teaching and learning processes and 'based on the child' and, as the previous
one, uses: written protocols, records of interactions with the teachers and
teachers' notes.

14™ session (December 1996)

Theme: Microworlds, hypertexts and communication systems in mathematics

education 4

Speakers: Rosa Maria Bottino e Giampaolo Chiappini (I.M.A.-C.N.R,

Genova); Anna Rosa Scarafiotti e Annarosa Giannetti (Politecnico di Torino)

Reactors: Gianna Gazzaniga (IAN-CNR, Pavia), Maria A. Mariotti

(Universita di Pisa)

The contribute of Rosa Maria Bottino e Giampaolo Chiappini focuses on two

1ssues:

1) The nature of the mediation provided by microworld-based systems: state
of things and theoretical reference frame.

2) Analysis of the nature of the mediation provided by ARI-LAB system:
presentation of the experiments performed and open problems.

The examination of literature related to information systems for mathematics

learning has provided a key to recognize a unifying insight on the role of the

mediation offered by computers in the various experiences carried out by a

number of authors. Then the theoretical reference frame adopted by the two

speakers to account for the nature of the mediation provided by the

interaction with a microworld within the context of use of the system is

presented. Based on this frame the results of their research related to the

planning, implementation, experimentation and evaluation of a system based

on a number of microworlds and oriented to arithmetic problem solving

(ARI-LAB)

The contribution of Anna Scarafiotti and Annarosa Giannetti focuses on the

following two themes:

1) The myth of the frame. Knowledge and communication; contributes from
cognitive sciences and hypertext -based techiques.

2) Hypertexts realized for mathematics education: research presuppositions,
development perspectives, example of use.

Their presentation focuses on the issues concerning the interplay between

knowledge and communication in mathematics education and more in

particular on the sense construction related to hypertext-based methods. After

a theoretical framing of the issue, some features of hypertext-based methods

41 Abstract by G. Chiappini
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are analyzed that seem most interesting and effective as far as teaching
practice 1s concerned. A short history of the studies carried out by the two
researchers which stresses the actual issues dealt with, including the use of
CABRI within a hypertext and the realization of applications of hypertexts to
teaching at the end of high school and at the beginning of university,
equipped with data gathered from experimental observations.

15™ session (December 1997)

Theme: The problem of the transition arithmetic-algebra in middle school
Speakers: Nicolina A. Malara and the researcher-teachers Loredana Gherpelli,
Rosa Iaderosa and Giancarlo Navarra.

Reactors: Giampaolo Chiappini (IMA — CNR, GENOVA) and Elisa Gallo

(Universita di Torino).

Guest: Luis Rico (Universita di Granada)

The seminar is devoted to studies and experimental research carried out by

the group and focuses on the relationship theory/practice; it is a study based

on the observation of the development of a complex process that takes into
account:

a) teachers' conceptions and their slow evolution towards new forms of
awareness by means of the reading of and discussion on results of
international research;

b) the influence on educational and cultural options in the class;

c) students' development of skills and attitudes that are usually regarded as
'‘advanced';

d) the change in the conceptions and behaviors of the teachers involved.

The seminar is organized as follows.

1) Presentation and theoretical frame (N.A. Malara)

2) Survey of the studies carried out in international research, with special
reference on those regarding learning difficulties (N.A. Malara, G.
Navarra)

3) Experimental evidence from the observation of the same class during the
whole three years of middle school, with special reference to students'
productions related to the resolution of word problems and reasoning and
proving in arithmetic setting (L. Gherpelli, N.A. Malara).

4) Syntactical and structural aspects in the transition arithmetic-algebra (R.
Iaderosa, N.A. Malara).

Among the experimental studies are worth to mention (because of the

originality of the setting) those on structural analogies, which is a subject

included in official curricula but often misunderstood even by textbooks with

a wide circulation and usually overlooked in teaching because of the lack of

knowledge or of experience by teachers.
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There is also a contribution of L.Rico (of the University of Granada) on some
studies carried out in his group on algebraic problem solving and the
classification of resolution processes.

16™ session
(December 1998)

Theme: The first approach to theorems in primary and middle school .4

Speakers: Maria G. Bartolini Bussi (Universita di Modena e Reggio E.),

Paolo Boero (Universita di Genova), Laura Parenti (Universita di Genova),

Rossella Garuti (middle school teacher at Carpi-Modena, researcher and

collaborator of Bartolini Bussi and Boero).

Reactors: Gilbert Arsac (Universit¢ de Lyon, France), Mario Barra

(Universita di Roma “la Sapienza’), Maria Polo (Universita di Cagliari).

Organization of the seminar:

Theoretical frame (Maria G. Bartolini Bussi, Paolo Boero)

The theoretical frame of the complex of studies is presented in its historical-

epistemological, cognitive and educational components, all framed in related

literature. In the particular case of theorems in primary and middle school the
presentation focuses on:

A) Pupils' behaviors and difficulties in the customary approach to theorems
(cognitice and didactic analysis)

B) Nature of the object of teaching (historical and epistemological analysis);
such analysis should consider both the historical evolution of the ideas of
‘theorem’ and of ‘mathematical theory’ from Euclid to Hilbert up to
nowadays, and the invariants in such evolution (as they could play a
central role in didactical transposition);

C) nature of mathematical activity related to theorems (cognitive and
historical and epistemological analysis); such analysis seems extremely
important as it regards the theorem producing process and helps to point
out the difference between the production process and its final output.

D) recognition of the conditions that could put within the reach of pupils the
mathematical activity regarding theorems (cognitive analysis, in the sense
of individual and social cognition, and didactical analysis). The conditions
to be taken into account regard pupils’ background, the choice of the
themes on which they will work in their approach to theorems and, within
the themes, the choice of the tasks and their management by the teacher (in
particular as regards cultural mediation and discussion orchestration.)

The theoretical frame worked out by the group made up by Bartolini Bussi,

Boero and Mariotti and afterwardsdeveloped by Arzarello as well is based on

four constructs: Experience Field (Boero), Mathematical Discussion

42 Abstract by M.G. Bartolini Bussi.
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(Bartolini Bussi), Theorem (Mariotti et al.), Cognitive Unity (Garuti et al.).
The general presentation of the theoretical frame has been followed by the
presentation of specific studies:

* Cognitive Unity in Theorems (Garuti)

» Construction problems in grades 5-8 (Maria G. Bartolini Bussi)

* From dynamical exploration to theory and theorems (Laura Parenti et al.)

17™ session (December 1999)

Theme: Introducing students to theoretical thought: investigation on some
mediators 43

Speakers: F.Arzarello (Universita di Torino), M.A. Mariotti (Universita di
Pisa), F. Olivero (University of Bristol), D. Paola (high school teacher), O.
Robutti (Universita di Torino)

Reactors: Claudio Bernardi (Universita di Roma I ‘La Sapienza’, Angela
Pesci (Universita di Pavia), Bernard Capponi (Université de Grenoble).

In the studies presented here classroom activities are both a means and an

outcome of the increasing knowledge of teaching and learning processes.

They show how students, at the age of 14-18, have succeeded in the

construction of theoretical meaning for geometry problems, producing

geometry theorems under various forms (constructions; proofs) mainly (but

not only) in dynamical geometry environments (Cabri Géomeétre).

The reference frame includes the following elements of theoretical analysis:

experience fields (Boero); mathematical discussion (Bartolini Bussi);

semiotic mediation (Vygotskij); the idea of theoretical knowledge, with

particular regard to the status of theorems in the frame of mathematical

knowledge (Arzarello, Boero, Mariotti); the idea of cognitive unity (Boero,

Mariotti).

The experience field involved is given by the constructions and explorations

in Cabri environment. In a long term process the experience field evolves

through social activities focused on the resolution of open problems and

mathematical discussion with the presence of both the voices of practice and

theory.

Practice refers to students' drawing experiences, recalled by:

1) 'concrete objects' in paper-and-pencil environment (drawings, sketches,
instruments);

11) 'computational objects' like Cabri figures or commands;

The theory is referred to geometrical objects, their properties, the logical

relationships among them and is recalled by:

1) dynamical processes perceptible on the screen;

43 Abstract by M.A. Mariotti & O. Robutti
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11) commands available on Cabri menu.

The interaction between the two voices is induced by activities in both paper-

and-pencil environment (the constructions with ruler and compasses) and

Cabri environment (constructions and dragging).

The interactions occurs if it is adequately supported by the teacher (whose

role is crucial), who uses the software to lead the students to the construction

of the theoretical meanings involved in the experience field.

The external context is given by:

1) concrete objects (drawings, sketches, ...) and artifacts (geometrical
instruments) in paper-and-pencil environment;

1) computational objects and artifacts (Cabri-figures, commands, dragging)

111) signs, including gestures.

The reference culture is given by:

1) classical geometry (which is expicit in Cabri commands);

i1) analysis/syntesis (which is implicit in Cabri dynamical processes);

111) algebraic varieties theory (which is implicit in the software).

The internal context of the student is analyzed starting from the dialectics

intuitive/deductive geometry, which is present in a number of analyses on the

status of students' geometrical knowledge. Such model has been refined,

however, by the introduction of subjet's temporal dynamics, as regulators of

cognitive and didactic dynamics. The teaching of proof in geometry, in Cabri

environment points out a serious gap between the empirical and intuitive

aspects (that are supported by Cabri) and theoretical ones, that on the contrary

are not available in the software. Actually the a priori analysis shows that the

dialectics artifact/instrument, that is started by the use of Cabri in class, does

not naturally lead the students to theoretical knowledge involved in proof.

Theoretical knowledge involved in proof includes very subtle notions:

typically the status of geometrical objects, of their properties, of the logical

relationships among them, that are not explicitly embodied in Cabri. The

'didactical engineering' that seems more suitable to deal with this kind of

situations is not constructivist only but is based on the concepts of semioti

mediation and mathematical discussion and requires a strong intervention by

the teacher.

The function of the instrument grows more complex: the instrument is not

only used by a user, who, as such, in its interaction with it, develops potential

use schemata and supports the construction of knowledge related to such

schemata. The instrument is inserted between who is learning and who is

teaching and is used by the teacher to guide

Individual evolution processes within the community of class.

The semiotic mediation process centered on one instrument is developed on

two levels:

e the student uses the instrument according to schemata aimed at fulfilling
the given task;
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o the teacher uses the instrument according to schemata aimed at fulfilling
his or her educational purposes (for example, strategies like the forecast
game with Cabri facility 'History', or other).

The construction of meaning takes place in the dialectics between the two
levels of activity/action.
So the instrument is subject to a double use, in relation to which plays its role
of mediator of meanings. From the learner's side it is used as an instrument to
carry out specific actions aimed at the fulfilment of a given activity; from the
teacher's side it is used to guide the student towards the construction of
meanings. In other words, if we think of the computer, it may take part to the
activities in different ways, according to time and actors.

e As an instrument (artifact used according specific use schemata) to carry
out a task; in this case the knowledge embodied in it may remain totally
inaccessible to the student user. The instrument is used to strengthen the
subject's available skills (e.g.: finding the limit of a function in Derive
environment by means of the command 'lim'; drawing a bisector in Cabri
environment by means of the command 'bisector') and develops use
schemata.

e As an instrument for semiotic mediation used by the teacher to realize her
or his communication strategies, aimed at the development of a specific
piece of meaning, related to the mathematical content involved in
teaching.

Mathematical knowledge, i.e. the knowledge embodied by the instrument, is
made accessible by its use, but it could become explicit only after specific
actitivies focused on the evolution/construction of mathematically acceptable
meanings. Meanings are based of phenomenological experiece (the user's
action and the feedback of the environment), but their evolution is achieved
by means of social constructions in the class, under the guide of the teacher.
The teaching project resulting from this approach consists in the
transformation of the two terms (activities with the artifact and theoretical
knowledge) into voices of a mathematical discussion: the discussion as a
'polyphony of voices' (Bartolini Bussi) will result after the introduction of the
voices related to the practice with Cabri and the voice of theory, progressively
built up in class and introduced as 'knowledge'.
In reference to the idea of reference field (Boero), the external context
includes objects (concrete ones like the drawings on paper or computational
ones like Cabri figures) and the operations on them (constructions, dragging,
...). Such objects recall the the voice of practice and of theory, and the
dialectics between them, guided by the teacher, marks the beginning of an
evolution process, where the use of the instrument, at first outwards-oriented,
becomes internal control. The internalization process (Vygotskij) of the ways
of use of the artifact, characterizes the evolution of the internal context of the
student.
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The experiences carried out in these last years show the validity of a model
formulated this way; the detailed analysis of the protocols produced by the
students in the contect of the experimentations has allowed a detailed analysis
of the internalization process pointing out specific elements that take part. In
particular, the production of signs (within or without Cabri environment) by
the student that allow the transition from outside to inside.

The model described is consistent with the analysis, by other authors, of
lower age level (see Boero, Parenti, Bartolini Bussi). Moreover, it makes
deeper the analysis of the polarity intuitive/deductive developed by Arsac and
Laborde in terms of external context and reference culture; the explicit
introduction of the idea of semiotic mediation, of the dialectics of voices (of
practice and theory) and of internal context (temporal dynamics) seems to us
to work in order to give account in a more complete way of the evolution of
the experience field of constructions and explorations with Cabri.
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